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Chapter 1

Introduction

All matter originates and exists only by virtue of a force which brings
the particle of an atom to vibration and holds this most minute solar
system of the atom together. We must assume behind this force the

existence of a conscious and intelligent mind. This mind is the matrix

of all matter.— Max Planck

One of the main goals of condensed matter physics is to identify phases of matter.
Some phases, including magnets and superconductors, are understood through
spontaneous breaking of the symmetries. Certain phases of matter cannot be ex-
plained in terms of broken symmetry, evidenced in the pattern of entanglement
in a quantum ground state. These phases are topological in nature and were in-
troduced to explain the quantum Hall effect[1, 2]. The quantum Hall state does
not break any symmetries. Yet, it has key properties, like quantized Hall con-
ductivity and the number of conducting edge modes, which remain stable despite
smooth changes in material parameters and it only changes through a regular
quantum phase transition. These properties stem from the topological structure

of the quantum state.

Although the topological description of the quantum Hall effect is well-established,
interest in topological order has surged with the discovery of topological insulators[3—
13]. Like conventional insulators, topological insulators contain a bulk energy gap

1
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that separates the highest occupied electronic band and the lowest unoccupied
band. However, unlike ordinary insulators, the surface (or edge, in two dimensions)
of a topological insulator features gapless electronic states that are protected by
time-reversal symmetry. Similar to the integer quantum Hall state, which possesses
unique gapless chiral edge states|[14], the surface (or edge) states of a topological
insulator are topologically protected and display conducting properties distinct

from any other known one-dimensional or two-dimensional electronic systems.

The concept of topological order[2] is frequently employed to describe fractional
quantum Hall states[15], which necessitate an inherently many-body approach[16]
to comprehend. However, topological principles are also relevant to the simpler
integer quantum Hall states[1], which can be adequately described using single-
particle quantum mechanics. In this sense, topological insulators are akin to the
integer quantum Hall effect. Due to the existence of a single-particle energy gap,
electron-electron interactions do not fundamentally alter the state. The behavior
of topological insulators can be understood within the framework of band the-
ory of solids. It is remarkable that even after more than 90 years, band theory

[17]continues to reveal new insights.

1.1 Topology and Band Theory

We’ll start by revisiting the fundamental aspects of both topology and band theory.
We'll introduce the concept of topological equivalence and elucidate its significance
within band theory. Furthermore, we’ll explore the profound relationship between
bulk topology and the emergence of protected boundary modes. In Section 1.1.4,
our focus will shift to the Berry phase, a crucial conceptual tool essential for

analyzing topological phenomena.

We start by going over the fundamentals of band theory and topology. We shall
define topological equivalency, discuss its significance in band theory, and outline

the intricate relationship that exists between protected boundary modes and bulk
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topology. The Berry phase, a crucial conceptual tool for the study of topological

events, will be covered in Section 1.1.4

1.1.1 Topology

Topology, a field within mathematics, deals with the geometrical attributes of
objects that remain unaltered when subjected to smooth deformations. To il-
lustrate, consider closed two-dimensional surfaces within three-dimensional space
(see Fig.1.1). For example, a sphere can smoothly transition into various shapes
such as the surface of a disk or a bowl. However, a sphere cannot undergo a
smooth transformation into the surface of a doughnut. The distinguishing factor
between a sphere and a doughnut lies in an integer topological invariant termed
the genus, denoted as g, which essentially represents the count of holes. As in-
tegers cannot undergo smooth alterations, surfaces with distinct genera cannot
be smoothly deformed into one another and are hence termed topologically dis-
tinct. Surfaces that can be smoothly transformed into each other are referred to
as topologically equivalent. The process of identifying the topological invariants
that define a specific object presents an intriguing mathematical problem. For

surfaces, a significant theorem, known as the Gauss-Bonnet theorem, asserts that

)

(b)

FIGURE 1.1: (color online) Topologically, (a) the surfaces of a sphere (g = 0)
and (b) a doughnut (g = 1) are different due to their genus g.
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the integral of the Gaussian curvature, represented by K, over a surface establishes

an integer topological invariant(y) identified as the Euler characteristic[18].

1
— — | KdA 11
X= 50, (1.1)

L

77 In

The calculation shows that y = 2 for a sphere with radius R, where K =
a broader context, the Euler characteristic is quantized and linked to the genus
by x = 2-2g. The topological invariants of interest in this chapter follow a similar

pattern, although they will describe more abstract entities.

1.1.2 Band Theory

Topology provides a framework for characterizing phases of matter, particularly
through the topological classification of insulators. An insulator is a material
with an energy gap for electronic excitations, separating the ground state from
all excited states. This concept allows for defining topological equivalence based
on adiabatic continuity. Insulators are deemed equivalent if they can transition
into one another through gradual changes in the Hamiltonian, ensuring the system
remains in the ground state throughout. Such a transition is feasible when there’s
an energy gap Eq, which sets the pace for the adiabatic process. Hence, insulators
are topologically equivalent if there exists a continuous path connecting them
wherein the energy gap remains finite. Consequently, linking topologically distinct

insulators necessitates a phase transition, during which the energy gap collapses.

The task of topologically classifying general gapped many-body states poses a
significant challenge that has not been entirely resolved. However, a notable sim-
plification arises when focusing on a subset of states that can be described using the
band theory of solids. These band insulators can be effectively understood within
the framework of the independent electron approximation, where the many-body
ground state is represented as a Slater determinant of single-particle states. This
approach does not entail neglecting electron interactions. The presence of an en-

ergy gap ensures that the many-body state remains topologically equivalent even
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when finite-strength interactions are considered. Consequently, we assume that
the state in question can be smoothly transitioned into noninteracting electrons,
allowing for the topological classification of band structures. It is then essential
to investigate whether the topological distinctions identified within band theory

persist when interactions are introduced.

In order to utilise translation symmetry, we will also assume that the material is
crystalline. Translation symmetry permits the single particle states to be labeled
by their crystal momentum k. The Bloch Hamiltonian can be expressed as fol-

ik-r

lows using Bloch’s theorem: |¢(k)) = ¢ |u(k)) , where |u(k)) is a cell periodic

eigenstate.

H(k) = e*THem*r (1.2)

The band structure is defined by H (k), or equivalently by its eigenvalues F,, (k) and
eigenvectors |u,(k)). There is an energy gap between the lowest empty band and
the highest conduction band in an insulating band structure. Lattice translation
symmetry requires H(k + G) = H(k) for reciprocal lattice vectors G. With
k = k + G , the periodic Brillouin zone which has the topology of a torus T¢
in d dimensions—is where the crystal momentum is thus specified. An insulating
band structure can therefore be understood as a mapping from the space of Bloch

Hamiltonians with an energy gap to the Brillouin zone torus.

1.1.3 Topological Band Theory and the Bulk-Boundary

Correspondence

Topological band theory aims to classify Hamiltonians H (k) that are topologically
distinct, thereby categorizing various electronic phases. An essential outcome of
this classification arises when encountering a spatial interface between two topolog-
ically distinct phases. Visualize an interface where a crystal gradually transitions
between these phases as a function of distance y. At some point in this transition,

the energy gap must converge to zero; otherwise, equivalence between the two
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phases would persist. Consequently, low-energy electronic states become confined

to the region where the energy gap passes through zero.

Another goal of topological band theory is to characterize these gapless states.
We will observe that they too can undergo topological classification. Moreover,
there exists a profound principle known as the bulk-boundary correspondence,
establishing a relationship between the boundary topological invariants and the
discrepancy in the bulk topological invariants. This interaction between topology
and gapless modes is a widespread phenomenon in physics, manifesting across

numerous contexts[19-23].

1.1.4 Berry phase and Berry curvature

The Berry phase is important in topological band theory [24]. A quantum me-
chanical wavefunction’s intrinsic phase ambiguity gives rise to the Berry phase.

The transition does not affect the Bloch states.

[u(k)) — 0 u(k)) (1.3)

This change invites the definition of the Berry connection and is similar to an

electromagnetic gauge transformation.

A = —i(u(k)|Vi|u(k)) (1.4)

The electromagnetic vector potential and A are comparable. It changes as A —
A + Vio(k) under (1.4). The magnetic flux analogue is gauge invariant, even
though A is not. The Berry phase of any closed loop C in k space can be defined

as follows:

yczj[A-dk:/Fcﬂk (1.5)
C S
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where the Berry curvature is defined by F' =V x A. Here, we'll assume that k is
two dimensional for the sake of notational simplicity. It is simple to generalise to

higher dimensions.

The phase gained under an adiabatic cycle is described by the Berry phase, which
has numerous uses in physics. It will be helpful for categorising loops in momentum

space in the current scenario.

1.2 Topological Phase Determinants

Topological phases of matter emerge within a system featuring spin-orbit coupling,
leading to a band inversion when symmetry is either protected or broken. Addi-
tionally, topological invariances play a crucial role in defining phase transitions
under the adiabatic deformation of the system. Hence, it becomes evident that
the primary determinants of topological phases in quantum materials include spin-
orbit coupling, band inversion, and symmetry-protected or symmetry-breaking
topological invariance. Many of these topological or quantum phases have been

identified through the quantum analogs of various Hall measurements.

The preceding section provided a brief overview of symmetry concepts, while
the subsequent section will delve into different Hall effects observed in topologi-
cal/quantum materials. This section will explicitly examine additional important
elements impacting topological phases, such as spin-orbit coupling and band in-

version.

1.2.1 Spin-orbit coupling

Quantum Hall insulators represent the pioneering quantum phases requiring an
external magnetic field for their demonstration. With the application of an ex-
ternal magnetic field, the system’s time-reversal symmetry is disrupted, leading
to the emergence of chiral edge states devoid of backscattering, attributed to the

cyclotron motion of electrons. The realization of topological states of matter
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occurred through substituting the external magnetic field with the spin-orbit cou-
pling (SOC) field, now safeguarded under time-reversal symmetry and providing
Kramers degeneracy. Hence, spin-orbit coupling serves as the primary framework
for developing topological materials, fostering the creation of Kramers degener-
ate edge states alongside band inversion and enabling the existence of relativistic

fermions.

SOC denotes a quantum magnetic field within an atom of a Kramers’ system, fea-
turing spin-orbit interactions that induce a transverse magnetic force on an orbit-
ing electron within the external electric field generated by the nucleus’ charge[25,
26]. This relativistic quantum mechanical effect results from the charged parti-
cle’s momentum-dependent motion within the atom’s electric field. The intrinsic

magnetic field of the atom can be determined from the Thomas-term[27].

Hye= —2 ST x (VV) =

2mic?

—h
——0-px (VV 1.6
T’ P (VV) (1.6)
where p is the momentum vector, V is the Coulomb potential, ¢ is Pauli’s spin
matrix, S and L are spin and orbital angular momentum, respectively, and mg is

the electron mass. As seen in Fig.1.2, SOC offers band splitting and band inversion

z-axis (b)
Spin-Orbit Interaction
ky
kx
ky
B k
B-Field due to e Dresselhaus Interaction
LS Coupling ky

Rashba Interaction

X

FIGURE 1.2: Illustration of (a) an electron’s spin and orbital angular rota-
tions around the nucleus, demonstrating the spin-orbit or LS coupling phe-
nomenon. (b) three distinct spin-orbit relativistic interactions: spin-orbit in-
teraction, Dresselhaus interaction, and Rashba interaction (derived from 29).
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in the energy band, often referred to as LS coupling, in the atomic world. From
the first-order perturbation theory, the energy eigenvalues resulting from the spin-

orbit interaction can be written as[28],

Esoc = 22M23<%3><L - S) & %ahQ[J(J +1)— L(L+1)—S(S+1)] (1.7)
In this case, a is the spin-orbit coupling constant, which is proportional to Z*, and
Z is the atomic number. A molecule can also experience another kind of energy
band splitting that is proportional to Z and is referred to as an electrostatic effect
caused by e-e repulsion. Thus, in systems with light atoms, the electrostatic effect
is dominating, whereas in systems with heavier atoms, spin-orbit coupling is domi-
nant. Additionally, for each J energy level, the spin-orbit coupling yields a (2J+1)
degeneracy. Any crystal can have SOC, an interaction that is independent of sym-
metry. However, there exists a symmetry dependent SOC, exclusive to crystals
lacking inversion symmetry. The terms ”Dresselhaus interaction” and ”Rashba
interaction” refer to these SOCs. The band structure and spin orientations[29]
of the three different types of SOCs found in the material systems are shown in

Fig.1.2.

1.2.2 Band Inversion

Band inversion is a key feature of inversion symmetric topological insulators. An
electron-like band with a positive effective mass is inverted to a hole-like band with
a negative effective mass under the phenomenon of band inversion. The lowest
conduction band in a typical non-topological system has even parity, while the
highest valence band has odd parity. Odd parity bands are replaced by even parity
bands in narrow band-gap semiconductors with heavier atoms and high spin-orbit
interaction, eventually introducing topological phases into the material. Band
inversion is an important approach for detecting topological phases in materials,
but the materials must also match the topological invariance criteria. Topological

insulators often have an odd number of band inversions between opposing parity
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bands. PbSnTe; is topologically trivial since the number of band inversion is even
and happens at both I" and three X points. However, Dirac cone[30, 31] and even
band inversion are also possible in topological crystalline insulators. Many sorts of
band inversions are seen in topological materials: At the I' point, band inversion
occurs between the s and p bands, as well as between two p* orbitals of opposite
parity[32, 33]; and band inversion between d and p bands at I' point[34]. Without

involving SOC interaction, band inversion can also be achieved via lattice strain.

1.3 Hall effects and topological phases of matter

The disintegration of time-reversal symmetry in the presence of SOC has been
linked to the Hall effect since its discovery. Two currents—longitudinal and trans-
verse currents—exist in typical Hall effects when there are mutually perpendicular
electric and magnetic fields. While the longitudinal current breaks time-reversal
symmetry by dissipating heat in accordance with the second rule of thermodynam-
ics, the dissipationless transverse current does so immediately. Since the topolog-
ical or quantum phases were first detected in Hall measurements and identified
from the Hall resistance, Hall measurements are therefore regarded as an essential
fingerprint of those phases. Different topological phases are determined on the
basis of distinct Hall observations. The various forms of Hall families that map
to various topological classes are the main topic of this section. The graphic illus-
trates the quantization of the Hall resistance, which is comparable to the quantum
resistance of 8%, where e is the elementary charge and h is Planck’s constant, re-
spectively. It does this by showing generalised longitudinal and transverse Hall

resistivity for all Hall families.
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1.3.1 Anomalous Hall effect: Hall effect with band struc-

ture Berry curvature

Edwin Hall noticed that magnetic metals, such as nickel and iron, exhibit an
unusual transverse voltage. Magnetization and anomalous transverse voltage with
a magnetic field exhibit a similar qualitative trend. The anomalous Hall voltage

and magnetization are related empirically in the following way:

He = HO + 4’/TMCYRH = Ro(HO + 4’/TMCY) (18)

where the magnetic field (H) and magnetization (M) are the respective values.
When Karplus and Luttinger returned to the issue in 1954[35], they found that
anomalous Hall conductivity and spin-orbit coupling were directly correlated,

which was consistent with experimental findings.

BS.O
m*

R, (1.9)

Rang ~

The second part in Eq.1.10 describes how the electrons acquire an anomalous
velocity perpendicular to the electric field. Over occupied bands, the anomalous
velocity is finite and remains independent of the longitudinal conductivity and,
thus, the scattering rate. For this reason, it is called the inherent anomalous Hall
effect. The Berry curvature can be explained as an effective magnetic field that

results in a Hall conductivity using the TKNN formula:

d(ry O0F e
— = ——=-E x (Vi x Ai.), 1.10
dt ~hok  pe ¢ (Vi) (1.10)
Haldane recently returned to the issue as a "topological Fermi-liquid” property.
Haldane solely considered the quasiparticles’ adiabatic motion near the Fermi sur-
face [36]in order to account for the accumulated Berry phase. Recently, Nagaosa et
al.[37-39] presented a comprehensive theoretical framework that takes into account

both the intrinsic and extrinsic anomalous Hall effects. The intrinsic anomalous
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Hall conductivity is related to the Berry curvature and is not affected by scat-
tering. Additionally, the anomalous Hall conductivity is quantized using integer

quantum conductance Values(%) via the TKNN formula.

O'fyHE_mt — _5ijl% Z/%f(&n(k)ka X Aks) (1.11)

where the antisymmetric tensor and the Fermi-Dirac statistics, with summing
over all of the full bands, n, are represented by the variables ¢;;; and f(e,, (k). The
side jump or skew scattering is usually the cause of the extrinsic anomalous Hall
effect. When electrons from the spin-orbit coupling to impurity atoms scatter
asymmetrically, it results in an effective TRS breaking of charge carriers, which

is known as skew scattering. A side jump (SJ) is the time-integrated velocity

104 | e
e e e
102 | Conductance . =
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=
o 0E ’ =)
> 10 p
C ¢
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= 1072 | + Intrinsic  ExtrinsicH
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FIGURE 1.3: (color online) anomalous Hall conductivity in relation to longitu-

dinal conductivity. In particular, intrinsic dissipationless topological transport

controlled by Berry curvature is highlighted by the insensitivity of Hall conduc-
tivity to scattering (longitudinal conductivity; adapted from 37).



Chapter 1. 13

deflection of electrons as they engage with an impurity or disorder. The intrinsic

and extrinsic components of the anomalous Hall voltage are both present.

o =0 o o)

AHE _ _AHE—int AHE—skew AHE-SJ
Ty Ty + Ty + Ty (112>

Information regarding the band structure topology is only available in intrinsic
AHE. For constant spin-orbit coupling energy (E;, < Er)[37], three regimes and
two crossovers have been identified: The clean regime (i) is defined as follows: it is
characterised by an insignificant scattering rate (h/7 < wippEs,D); (ii) the mod-
erately filthy regime (ujmpFs,D < h/7 < Ep); (iii) the dirty regime (Er < h/T
). In the clean regime, skew scattering is dominant in the AHE. The relationship
between skew scattering and impurity density is inverse. The density of states
and the impurity potential are represented by D and w;,,,,. Because of the intrinsic
Berry phase contribution[40], Hall conductivity in the moderately unclean regime
becomes insensitive to scattering (i.e., longitudinal conductivity, o,,). In the un-
clean regime, a power-law scaling of the transverse conductivity with longitudinal
conductivity is expected. These three regimes are plotted against longitudinal

conductivity and impurity density in Fig.1.3[41].

1.4 Topological Insulators and Semimetals in 2D

and 3D

Quantized Hall conductivity, or transverse magneto conductivity, can be used
to investigate the unique surface/edge states in momentum space that are dic-
tated by the topology of the bulk band structures in topological insulators and
semimetals, two quantum phases. Topological phases are well defined by their as-
sociated topological invariants, that is, adiabatic variations of topological phases
that remain unchanged under adiabatic deformation, as was discussed in the pre-
ceding sections. In 2D and 3D materials, topological phases have already been

noted.3D topological phases, such as topological semimetals, are characterised by
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four topological invariants (vy; v1, 1o, and v3), where 1 represents strong topolog-
ical invariant and v;’s (i=1,2,3) are weak topological invariant. In 2D, quantum
phases known as 2D topological insulators (TIs), such as integer quantum Hall
(IQH) insulators, fractional quantum Hall (FQH) insulators, and quantum spin
Hall (QSH) insulators, are characterised by single-valued topological invariants,
notably Z invariance. Even though 2D topological states (IQH, FQH, and QSH)
were first observed, it was difficult to physically realise these phases because they
needed semiconductor heterostructures with ultraclean interfaces at low tempera-
tures. Topology-protected metallic states[42] could only be observed through the
Hall measurement. In contemporary condensed matter research, 3D topological
materials have received a lot of attention because of the experimental difficulties
in 2D topological states, the ease with which 3D topological phases may be ex-
perimentally realised, and their unique topology-protected features. Many novel
properties of topological phases may now be shown both theoretically and prac-
tically because of tremendous advances in topological material research. To give
readers a comprehensive picture of the current research advances on topological
materials, this section focuses on presenting the various conspicuous properties of

relevant topological phases together with their prospects and obstacles.

1.4.1 Dirac semimetals

The Dirac relativistic equation of electron (H = c,a + (mc?)S where, ¢ is the
speed of light and «, and 8 are the coefficient matrices ) has been known since
1928. It states that in the ultra-relativistic regime (where kinetic energy predom-
inates over mass, ¢, > mc?)[43], the energy dispersion relation becomes linear.
As illustrated in Fig.1.4, the Dirac fermion decouples into two Weyl fermions with
specific chirality and helicity in this domain of nearly zero mass and correct chiral-
ity. These fermions are then fixed at respective momentum positions[43]. Similar
to TIs, Weyl points are only visible when a single point close to the Fermi level
is where two non-degenerate bands cross. In graphene[44], sometimes referred to

as a 2D Dirac semimetal (DSM), the first Dirac fermion in a solid-state band
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structure was detected. In Dirac semimetals, topological surface states usually
don’t have a bulk energy gap. Discrete lattice symmetry protects TSSs of 2D
Dirac semimetals, but additional symmetry protection is needed to realise Dirac
semimetals in 3D because mo, , a mass term in the electron Hamiltonian will
open an energy gap in the presence of SOC (this mass term is absent in 2D Dirac
semimetals). The 3D Dirac semimetal phase typically arises as an intrinsic phase
in the presence of extra symmetry protection, primarily from rotational symmetry,
or during the phase conversion from normal insulator (NI) to topological insulator
(TI). Materials with both TRS and inversion symmetry preserved with additional
space group protection can also exhibit 3D Dirac semimetal phases. This finally
results in two Weyl points with opposite chirality at a single Dirac point, as il-
lustrated in Fig.1.4, and makes the material four-fold degenerate[45]. As a result,
upon breaking either TRS or inversion symmetry, these materials with strong
SOC can turn into Weyl semimetals. Dirac nodal line and topological supercon-
ductor are examples of further derivative topological phases from DSM (Fig.1.4).
Due to the delicate merger of two low energy Weyl nodes under the protection of
numerous symmetries, high mobility DSM phases are unstable in stoichiometric
single-crystalline systems, which makes the observation of DSM in real materials
difficult[46]. Furthermore, because DSM phases arise at the critical point of the
NI-TT phase conversion boundary, it is necessary to adjust the chemical compo-
sition or strain in the required materials to observe DSM, which frequently leads
to systemic illness[46]. Some potential materials have an extra Fermi surface[9]
and a bandgap at the Dirac point. However, there are two ways to obtain DSM
phases: symmetry-enforced Dirac nodes with or without SOC[45], and band in-
version method in which Dirac nodes emerge from the lattice symmetries (mainly
rotational symmetry) driven accidental band crossing into an inverted band struc-
ture of a topological insulator. Unique quantum features of DSMs are covered in

the ensuing subsections.
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1.4.1.1 Properties of Dirac Semimetals

Two surface Fermi arcs connecting a pair of Dirac points on the surface, as de-
picted in Fig.1.4, are the primary characteristic of DSM, which was determined by
theoretical calculations and observed in the experiment. The Fermi arc in DSMs
is weak, not topologically protected, and is thought to be a composite of two
Fermi arcs of Weyl semimetals[45] because of the four-fold degeneracy and zero
Chern number of Dirac points. Additionally, the location of the edge states on

energy contours[45] determines the characteristics of the Fermi arc of DMSs. A

Type | Weyl Node Type |l Weyl Node

Magnetic monopole
N ﬁl‘
2, Beny N
Flux ' Fermi
Surface

(c) Breaking Time-reversal or Inversion Symmetry

Dlrac ch

) Breaking Inversion-gauge Symmetry

Spinfull/less two-fold
Degenerate nodal ring
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FIGURE 1.4: (color online) (a) Band Structure of a free Dirac Particle with
mass-dependent energy gap. (b) One Dirac node generates two (degenerate)
Weyl nodes of opposing chirality, demonstrating the relativistic character of the
Dirac particle at massless conditions. (¢) When TRS or inversion symmetry
is broken, the Dirac node can split into two types of Weyl node pairs (type
I and type II Weyl nodes), producing Weyl fermions with a distinctive mag-
netic monopole and Berry flux. (d) Inversion-gause symmetry breaking leads
to the formation of the Dirac nodal ring. For every topological phase, bulk
and surface states are displayed together with their distinguishing characteris-
tics. A topological superconductor is achieved through the violation of mirror
symmetry(adapted from 47 and 50).
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chiral anomaly at the Dirac node of DSMs is a subtle topological phenomenon,
comparable to the Fermi arc, that results from the coexistence of two opposed
chiralities at a similar momentum location that are shielded by reflection or rota-
tional symmetries. DSMs possess remarkable electrical transport properties such
as enormous magnetoresistance[47, 48] and ultrahigh mobility in addition to their
distinct topological features. CdsAs, was found to have an extremely high mobil-
ity of 9x10% cm?/Vs at 5K and a 0.25 mm mean-free path at 6K[48, 49]. DSM’s
ultrahigh mobility is mostly due to the backscattering-less energy states for car-
riers at zero magnetic fields, which can provide up to 104 times longer transport
lifetime [47] than the quantum lifetime. Weyl semimetals[50], topological insu-
lators, and topological nodal lines can all be driven by DSMs(Fig.1.4), as DSM
states need multiple symmetry protection, and breaking one symmetry can lead
to the creation of additional topological phases. Additionally, it was revealed that
DSM materials might be turned into topological superconducting insulators[45]
by applying pressure and doping to support Majorana fermions and produce a

superconducting gap in the bulk band structure.

1.4.2 Weyl Semimetals

Hermann Weyl predicted the existence of massless Weyl fermions theoretically in
1929. It was anticipated that they would show up as opposite-chirality pairings.
In quantum materials, Weyl fermions are found in Weyl nodes, which function
as magnetic monopoles with Berry flux and exhibit a nontrivial topological in-
fluence on Berry curvature (Fig.1.4). In 2011[51], Weyl fermions were expected
to be realised in Weyl semimetals (WSMs), and in 2015, this was experimentally
confirmed[52, 53]. Weyl nodes, or the band contacting point between the va-
lence and conduction bands near the Fermi level with a linear dispersion relation,
typically occur in an area of the Brillouin zone that is bounded and shielded by
symmetry. As previously noted, the band degeneracy at TRIMs can be obtained
from DSMs by violating either TRS symmetry or inversion. Symmetry dictates

the amount of Weyl points in WSMs.Since a Weyl point in a TRS WSM and
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its time reversal partner have the same chirality, the Fermion doubling theorem
requires the existence of two other Weyl points with opposing chirality. Conse-
quently, there are multiples of four Weyl points in WSMs with TRS. Conversely,
WSMs protected by inversion symmetry have two Weyl points. WSMs can be cat-
egorised into three groups according to how the Weyl cone tilts, due to the Weyl
Hamiltonian’s effective velocity parameter, v. (i) Large v causes tilting in the Weyl
cone, resulting in Type I1[54] or structured WSMs with a touching point between
electron and hole pockets and open constant energy surfaces (Fig.7.5); (ii) Small v
results in Type I WSMs with conventional Weyl points and a point-like Fermi sur-
face, as shown in Fig.7.5. (iii) The quadratic component causes quadratic tilting
in the Weyl cone, resulting in Type III WSM with two contacted electron or hole
pockets (Fig.7.5). Type IT WSMs have track states [45], and Type III WSMs [55]
have extended Fermi arcs with multi-fold helicoidal surfaces, all types of WSMs
contain surface Fermi arcs. A different kind of WSM phase with a nodal line state
on the Fermi surface[56, 57] has been described in the literature as critical-type
WSM. Some literature has also reported critical-type WSM as type-I1I1 WSM. A
critical type typically consists of a dispersive band and a flat band, with the crucial
band dispersion falling between Type I and Type II. Since Weyl points typically
do not occur along high-symmetry lines and planes, it can occasionally be difficult
to determine the number of Weyl points and Weyl nodes in the Brillouin zone.
However, this issue can be avoided by getting band structure without the need for

SOC|58].

1.4.2.1 Properties of Weyl Semimetals

Among the special characteristics of Weyl fermions is a magnetic monopole. The
Berry curvature, which is thought of as an effective magnetic field in the momen-
tum space, is connected to the topology of the Weyl point in the Fermi surface. As
magnetic monopoles, Weyl nodes on the Fermi surface serve as both a source and
a sink of the Berry curvature. The integral over the Fermi surface surrounding
the Weyl node can be used to determine the magnetic charge of the node, which

is referred to as chirality[58]. As seen in Fig.1.4, Weyl points on the Fermi surface
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also create the Fermi arc connecting the surface projections of two Weyl nodes
in WSMs. The monopole property of the Weyl fermions guarantees the existence
of Fermi arcs in the Fermi surface of surface states. Bulk Weyl points connect
topologically protected Fermi arcs on opposing surfaces. Owing to their distinct
transport characteristics, WSMs are gaining more attention across numerous ap-
plication domains. The terminating ions on the surface often govern the shape and
energy dispersion features of Fermi arcs in WSMs, whilst the strength of SOC[58]
determines the length of Fermi arcs and the distance between Weyl points. It has
been observed that the Kohn anomaly[59] in phonon spectra can represent the
electron topology of Weyl nodes. Large magnetoresistance (MR), high mobility,
chiral anomaly, and Fermi surface are all determined by strong quantum oscilla-
tions, linear dispersion, and nontrivial Berry phase in the band structure, which
distinguish WSMs from DSMs in their strong chiral magnetotransport. Recon-
structing the Fermi surface usually involves angle-dependent quantum oscillations
such as SdH and de Hass-van Alphen (dHvA) oscillations, since the origin of these
magnetic field-dependent quantum oscillations is associated with the various kinds
of Fermi surface pockets[58]. WSMs exhibit high mobility, similar to DSMs, which
is caused by chiral and nearly massless Weyl fermions. The Fermi level and the
scattering processes can be altered by sample quality, which in turn affects the
carrier mobility in WSMs.Under parallel electric and magnetic fields, a charge
current flow between distinct chiral Weyl modes separated in k-space is expected
to exist. This process’s imbalance in chiral charges results in chiral anomaly, which
causes an axial current flow because it prevents electric charges from being con-
served. While negative longitudinal magnetic resonance (MR) can still be detected
in a system with poorly defined chiral quasiparticles at the Fermi level, a chiral

anomaly in WSMs can improve conductivity[60].

1.5 Other Topological Semimetals

The other class of topological semimetals are called topological nodal line semimet-

als (TNLSMs), which differ from DSMs and WSMs in that they have a line of
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band crossing rather than a point-like band crossing (Fig.1.4). The many forms
of nodal line semimetal phases are defined by a few crystal symmetries, such as
mirror symmetry and glide symmetry, in addition to time-reversal and/or inver-
sion symmetries (Fig.1.4). Z topological invariants are typically used to define
screw rotation protected double nodal line semimetals and mirror symmetries pro-
tected TNLSMs, while Z, invariants[61] are typically used to define time-reversal,
inversion, and spin rotation symmetries protected nodal semimetals. By disrupt-
ing the protective symmetry of the TNLSM phase, conversion into various topo-
logical phases such as topological semimetals, topological insulators, and other
TNLSMs[62] can be accomplished. Therefore, by violating various kinds of sym-
metries, TNLSMs can offer the evolution into new topological phases. One of the
main problems with TNLSMs is experimental observation because they typically
lack topologically protected border states. The nodal band structure is deter-
mined with a low precision using ARPES, and the Fermi surface map and Berry
phase[61] are defined using quantum oscillation measurements. Numerical and
magneto-optical measurements are also carried out to examine Berry curvature
effects[63], surface states, and nontrivial bulk response. A topological insulator
with TRS breaking and a tunable superlattice of the normal insulator make up
the theoretically and experimentally realised material system for TNLSMs. The
quantized 7 Berry phase ensures the nodal ring’s[64] stability even in cases when
it is challenging to observe in Dirac NLSMs. Dirac NLSMs show parity anomaly,
which can result in a little inversion breaking that induces an abnormal transverse

current when exposed to an electrical field.

1.6 Topological Semimetal Material Families

Prediction and experimental realisation of three-dimensional materials having Weyl
or Dirac fermions in the bulk states have been interesting areas, motivated by
graphene. There are areas where the valence and conduction bands of a Weyl
semimetal touch in its band gap. If we ignore the spin degeneracy, then these

band contacting sites are nondegenerate because they break either the inversion
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symmetry or the time-reversal symmetry. These contact sites remain stable even
in the presence of tiny perturbations and are frequently referred to as Weyl nodes.
Weyl nodes appear in pairs in their closed proximity with opposite Chern num-
bers. Weyl nodes can be combined into pairs and produce Chern number 0 at the
merged locations by adjusting the Hamiltonian parameters. Since they lack topo-
logical protection, these points are not stable; however, they can be made stable by
adding an extra group symmetry. These stable points are then referred to as Dirac
points. Thinking of these materials as properly-tuned topological insulators with
the bulk gap closed is an alternate interpretation of them. A multilayer topologi-
cal insulator structure was postulated in 2011 as a Weyl semimetal|[65] realisation.
Two Weyl nodes can arise in the BZ by sandwiching thin films of magnetic doped
topological insulators between layers of ordinary insulators. For the material con-
sideration, the TaAs family, which includes TaAs, TaP, NbAs, and NbP[58, 66, 67],
is representative of Type I Weyl semimetals. Typical Type IT Weyl[58] semimetals
are WTey, MoTey, WP5, and MoP,. As previously mentioned, the Dirac cone is
skewed within the BZ. Large transverse magnetoresistance and high conductivity
are also noted. It was also reported that sputtered WTex was a Weyl semimetal.
The magnetic Weyl semimetals, also known as Weyl semimetals that break time-
reversal symmetry, are commonly found in Co3SnySs, YbMnBiy, GdAPtBi, YolrsO7,
and HgCrySey[68, 69]. Weyl nodes can be realised utilising an external magnetic
field. Weyl semimetals that break inversion symmetry have minimal Weyl nodes
of four, while magnetic semimetals have the potential to have two minimal Weyl
nodes. As a result, the magnetic Weyl semimetals provide a more straightforward

framework for researching the chiral anomaly and Fermi arc.

1.7 Topological Phase Conversion in Device Ap-

plications

As previously indicated, regulated and dependable topological phase switching in

a device structure is necessary to incorporate the topological phases into real-world
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applications. Topological phase conversion techniques are therefore important in
terms of technology. The unique topological properties are thought to present great
opportunities for numerous current and next device uses. Topological materials
have many appealing properties, yet they are still behind in device applications be-
cause of a few significant obstacles. Prior to their technological application, a num-
ber of factors need to be taken into account, including the topological material’s
compatibility with current devices, their ease of fabrication and batch processing,
their compatibility with topological or quantum behaviour under external stimuli,
their working temperature range, their cost-effectiveness, their practical structure,
and their ease of use[70]. Condensed matter research has put a lot of effort into
overcoming the challenges posed by topological materials for use in devices. This
section provides an overview of a number of cutting-edge application sectors where
topological properties show promise. The physical device structures for the various
applications are shown in Fig.1.5. Topological phase conversion finds widespread
use in electronics when switches are used as logic devices. Building field-effect
transistors (FETs) that operate based on the topological phase transition is thus
the subject of numerous investigations. Because there is no backscattering, the
great carrier mobility of topological transistors allows for dissipationless operation
at extremely high speeds. A topological transistor typically consists of the topolog-
ical channel, a substrate, and one or two high-k dielectric gate layers. To produce
switching behaviour, a topological insulator to normal insulator phase conversion
with E-field tuning is typically used. Additionally, a topological transition with
dual TT layers shielded by multiple symmetrys is disclosed, in which the spin tex-
ture of TSS retained by one symmetry[71] can be altered by breaking another. In
addition to TIs, topological crystal insulators, or TClIs, may offer an additional
stage in the realisation of transistor activity since they possess topological states
that are protected by crystal symmetry|[72] as opposed to time-reversal symmetry.
In contrast to bulk semiconductor transistors, topological surface states enable

carrier transport at the topological layer’s surfaces.

Quantum bits, or qubits, are a novel application of topological materials in quan-

tum computing. The endeavor to construct quantum computers presents multiple
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approaches to conceptually create a quantum equivalent of a classical computer.
Two significant obstacles to the effectiveness of quantum computers are noise and
qubit decoherence, which can be uniquely suppressed by topological states[73]. In
order to realise qubits, the non-abelian statistical state of matter can function as
a physical system[74]. Non-abelian anyons, as this form of matter is commonly
called, are collective composite particles that live in a quantum system with a
bandgap between the excited and ground states. Additionally, chiral Majorana
fermions have the potential to function as qubits[75]. The physical realisation of
the qubit system remains a hurdle in the field of quantum computing. Researchers
still haven’t fully grasped their intricate principles and workings. As a result, there

is a lot of activity in this area of topological study, and it has a bright future.

In the ongoing search for high-performance materials for solid-state energy conversion[76—
78] from thermal to electrical or vice versa, thermoelectricity is another important
field of study. Overcoming the fermionic restriction on the intercoupled ther-
moelectric material properties[79] is the main task facing thermoelectric research
today. People have also looked into the contributions from magnons and para
magnons as new avenues for a high thermoelectric power factor[80-82] to obtain
a non-fermionic improvement in thermoelectric performance. Since heavy atoms
are present in a large number of thermoelectric materials and topological systems,
several topological materials can also be excellent candidates for thermoelectric
applications[83-86]. Since heavy atoms are present in a large number of thermo-
electric materials and topological systems, several topological materials can also
be excellent candidates for thermoelectric applications. However, because of the
significant bipolar contributions in thermopower and thermal conductivity, addi-
tional materials engineering and optimisation are needed for topological thermo-
electric materials to reach their maximum performance. It is possible for bipolar
effects to drastically lower thermoelectric performance[79]. Thermal switches are
an additional thermal device application for topological materials that regulate the
entropy flow through the surface and bulk states in response to external stimuli,

in addition to thermoelectric devices.
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Topological materials exhibit unusual optical properties, such as Kerr and Fara-
day rotation, ultrahigh bulk refractive index, unusual electromagnetic scatter-
ing, near-infrared frequency transparency, and ultra-broadband surface plasmon
resonances[87], in addition to their electronic and spin properties. These re-
markable optical properties point to the potential use of topological materials
in novel optoelectronic applications, such as broadband photodetectors, ultrathin
holograms, plasmonic and Fresnel lenses, Veselago lenses, scanning tunneling mi-
croscope tips, nanoscale waveguides[87, 88]. Conversely, backscattering-less topo-
logical states have the potential to enable next-generation photonics applications,
including optical signal processing[89, 90], light source, and transmission devices.
Optoelectronic and condensed matter societies are very interested in employing
topological materials in laser applications because of the significance of laser de-
vices in a variety of application fields[91, 92]. However, similar to other appli-
cations, obstacles related to the quality of the structural interface, effective and
dependable control, and thorough comprehension of the topological optical prop-

erties also affect topological optoelectronic or photonic device structures.

The advent of spintronics in device applications offers the special benefits of the

rapid operation and almost negligible Joule heating. Topological materials are
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FIGURE 1.5: (color online) A wide range of device application domains for both
the physical and topological phases of matter are available (adapted from 70).
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suitable for spintronics applications[93] because of several spin properties of topo-
logically protected robust surface states, such as strong spin-momentum locking,
high charge current to spin current conversion efficiency, long spin diffusion length,
strong magnetoresistance, and high spin filtering efficiency. Potential candidates
for future energy-efficient spintronic devices include semimetals and topological
insulators. Spin-filter transistors, Weyl semimetals[94], and topological insulators
can be used to create spin-torque transistors, memory devices, and other common

topological spintronic device applications.

Superconductor research is an additional fascinating area of study. The Bose-
Einstein condensed Cooper pairs[95] are present in simple superconducting materi-
als. But unlike Cooper pairs, the topological phase in superconductors is different.
In addition to having non-zero topological invariants[95], topological superconduc-
tors typically feature a fully open gap between the ground and excited states. In
addition to having non-Abelian Majorana zero mode originating from the spinless
pairing of the time-reversal breaking s-, p-, or d-waves with spin-orbit coupling[96],
topological superconducting states also possess parity-hole symmetry. In topo-
logical superconductors, a Majorana fermion has special characteristics. It is a
quasiparticle that can arise from the superposition of an electron with a hole that
has the same direction or spin[97, 98]. Tt is also its own antiparticle. Supercon-
ducting states in 1D or 2D topological surface states are typically demonstrated
by topological insulators in 2D and 3D, respectively. However, superconducting
states[95] can also be seen in Dirac and Weyl semimetals, topological crystalline
insulators, and semimetals. Topological superconductors display a variety of dis-
tinctive characteristics, including odd-frequency Cooper pairs, quantized thermal
Hall conductivity, nematicity, anomalous Josephson effects, and zero-bias conduc-
tance peak. For quantum computing, Majorana superconducting mode physical
qubits can also be used. Even with the advancements in topological supercon-
ductors, further research is still needed to fully comprehend the physics underpin-
ning the other superconducting states. More experimental research is required for
topological superconducting materials because the real environment differs from

theoretical predictions.
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In addition to the applications listed above, there are further uses, including vari-
ous sensor kinds, lab environments with black holes, and on-chip high-performance
micro-ultrasonic devices[88, 99, 100]. Topological materials are shown to be ap-
propriate for a variety of sensing applications, including strain sensors[101], gas

sensors[100], magnetic sensors[102], and wireless sensors[103].

In order to assess the topological phases’ performances in nano-devices[104], a
number of studies have been conducted recently on their nanostructuring. Nonethe-
less, there are particular difficulties in the characterisation[104] and production of
nano-structured topological phases. More exciting device applications may arise
from ongoing research into topological materials, phases of matter, and phase con-
version mechanisms. A more theoretical and experimental study is needed to un-
derstand the underlying physics, fabrication methodologies, control mechanisms,
and appropriate material systems in order to properly implement the topologi-

cal/quantum phases of matter into device applications.

1.8 Overview of present thesis

It is clear from the numerous examples given in the earlier sections that different
types of systems display a range of characteristics that are not fully understood
at the microscopic scale. Therefore, principles computations on these materials
have been the most evident choice for making precise forecasts at the microscopic
level. It is very obvious that notable enhancements in computational methods
and resources have made reaching this stage easier. First principles computations
help in grasping the structure and several fascinating and intriguing characteris-
tics of these materials, which at first sight appear to be highly complex with a
broad range of degrees of freedom. This comprehension at the microscopic scale
creates new opportunities for designing innovative functional materials. A deeper
understanding of the interaction between different orders such as magnetic, charge,
and orbital degrees of freedom could lead to the discovery of materials with de-

sirable functional characteristics. Additionally, first principles computations can
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create more accurate links between actual systems and simplified models to un-
derstand the fundamental physics of the materials, leading to conceptual progress

and stronger interaction between theory and experiment.

In this thesis, six different compounds have been studied. Therefore, the thesis
can be considered to be divided into two parts: the first part deals with novel
properties arising from the phenomena of gapped nodal lines and Weyl points in
semimetallic compounds, and the second part focuses on the model Hamiltonian

with non-trivial band topology.

First-principles calculations based on advanced Density Functional Theory tech-
niques and model Hamiltonian approaches have been performed on these materi-
als to understand the exciting properties they exhibit from a microscopic point of
view. The contents of the various chapters discussed in this thesis are organized

as follows:

1.8.1 Chapter2

In this chapter, we discuss the theoretical methodology of our calculations. This
includes both the theoretical background of Density Functional Theory (DFT) and
its practical application for solving a many-electron Hamiltonian. Additionally, we
cover the different basis sets considered during our calculations, depending on the
properties studied. We also discuss the construction of low-energy model Hamil-

tonians for such complex materials, starting from first-principles calculations.

1.8.2 Chapter3

Firstly, we have studied magnetic topological semimetals (TSMs) with broken
time-reversal symmetry. Among various magnetic TSMs, Coy-based full Heusler
compounds are of current interest, as some of these materials exhibit Weyl and
nodal fermions in their topological band structure. In this work, we report a

comprehensive study of the anomalous Hall effect (AHE) in the ferromagnetic
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full Heusler compound Coy VAL First-principles calculations reveal that the Berry
curvature originating from a gapped nodal line and symmetry-protected Weyl
nodes near the Fermi level (Ef) is the primary source of AHE in this compound.
Thus, this investigation of Co,VAI discloses that it is a ferromagnetic Weyl and
nodal-line topological semimetal. The theoretically calculated anomalous Hall

conductivity (AHC) is in good agreement with the experimentally obtained AHC.

Secondly, we present a systematic investigation of the anomalous Hall effect (AHE)
in a ferromagnetic Heusler compound Co,CrGa using theoretical studies. First-
principles calculations suggest that the Berry curvature, which originates from a
gapped nodal line as well as Weyl nodes generated from the triple point near the
Er in the presence of spin-orbit coupling, is responsible for the observed large

AHC in this compound.

1.8.3 Chapter4

In this chapter, we study the topological properties of the electronic band struc-
ture of a half-metallic ferromagnet CosFeSi employing the ab initio DF'T method
and show that it is a strongly correlated material. The experimentally observed
magnetic properties can be explained in terms of the Slater-Pauling (SP) rule and
our calculations are consistent with it. We also investigate the band topology of
CogFeSi and find that there are three topological nodal lines at 380 meV above
Er. The degeneracy of these nodal lines is perturbed upon introducing spin-orbit
coupling with magnetization along [001] direction. However, some points still pre-
serve degeneracy and are identified as Weyl points, each associated with a specific
Chern number. At the ambient pressure, the AHC properties of this material have
only extrinsic contribution which is consistent with the experimental results. To
make the AHC intrinsic, we tune the position of the nodal line close to the Fermi
energy by applying the hydrostatic pressure up to 26 GPa. We also discuss crystal

symmetries and their relation with nodal lines and Weyl points.
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1.8.4 Chapterb

In this chapter we have studied electronic flat bands in momentum space, arising
from the strong localization of electrons in real space, which are an ideal platform
to realize strongly correlated phenomena. Flat bands can naturally arise in certain
geometrically frustrated lattices, often with nontrivial topology in the presence of
spin-orbit coupling. Here, we report the observation of topological flat bands
in a frustrated topological ferromagnetic metal MgMngSng, using DFT+U and
DFT+DMEFT calculations. Spin-orbit coupling opens a gap of 20 meV at the
quadratic touching point between the Dirac and flat bands, endowing a nonzero Zs
invariant to the flat band. The presence of 3d transition metal Mn in MgMngSng
favour non-trivial topological features and novel quantum phases, including the
saddle points, nodal lines, Weyl/Dirac fermions, and anomalous Hall effect. In
addition, around the Brillouin zone centre, Z, nontrivial topological surface states
are also observed due to band inversion mediated by strong spin-orbit coupling.
Despite the presence of large incoherent scattering due to electronic interactions,

these band crossings and flat band features persist at finite temperatures.

1.8.5 Chapter6

In this chapter, we have studied recently synthesized topological van der Waals
(vdW) Fe, GeTey (n=3,4, and 5) series of compounds that have drawn a lot of re-
search interest due to their interesting magnetic properties and anomalous trans-
port behavior. However, understanding the topological aspect of these materials’
electronic band structure is either scant or absent in the literature. In this work,
we perform a comparative study of the electronic structure of all three materials
to understand their topological properties and their effect on transport proper-
ties using the first-principles calculations and to derive the effective tight-binding
model for these systems. All three systems exhibit ferromagnetic behavior, and
the contribution of various Fe d-orbitals are also studied. Spin-orbit coupling

(SOC) causes the degeneracy to be lifted and results in a finite Berry curvature
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(BC). Finite BC contributes to the intrinsic anomalous Hall conductivity (AHC)
and Nernst conductivity (ANC) of these systems. We show that Fe3GeTey and
Fe5GeTey have similar nodal line formations, while Fe,;GeTe, exhibits nodal points
close to Fermi energy Er. We calculate AHC (0,,) at zero temperature and ANC
(azy) at room temperature for n=3,4, and 5 and find that our values are consistent

with transport and magnetic measurement.

1.8.6 Chapter7

In this chapter we have studied the combining ab initio and model Hamiltonian
approaches, we delve into the electronic, magnetic, topological, and transport char-
acteristics of the ferromagnetic double-perovskite system BayCoW Og. The itin-
erant carrier driven half-metallic ferromagnetism is attributed to a multi-orbital
Hubbard-Kanamori Hamiltonian for the two transition metal (Co, W) elements.
A higher value of electron density at ¢y, orbitals of the Co site ((n) ~ 1.5) leads to
a lower magnetic moment which gets highly influenced by thermal and quantum
fluctuations. Also, the incorporation of the W atom in the model Hamiltonian, al-
beit with its negligible charge density, is important to model the low enough Curie
temperature (T) of this material. Notably, finite spin-orbit coupling (SOC) at
the Co site induces nontrivial band topology near the conducting channel, par-
ticularly influencing the electronic structure close to the Fermi level. Along with
DF'T calculations, the intrinsic SOC effect within our model Hamiltonian describes
anomalous Hall conductivity due to spin canting preserving the ferromagnetic or-

der.
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Theoretical Frameworks

Trying to understand the way nature works involves a most terrible
test of human reasoning ability. It involves subtle trickery, beautiful
tightropes of logic on which one has to walk in order not to make a
mistake in predicting what will happen. The quantum mechanical
and the relativity ideas are examples of this.— Richard

P.Feynman

We will go over the theoretical underpinnings and ideas needed to analyse the
electronic structures of diverse systems in this chapter. Density Functional The-
ory (DFT)[105] and model Hamiltonian are two distinct approaches have been
applied in our work for electronic structure calculations, depending on the con-
straints of the topic under research. To comprehend the characteristics of the
system’s ground state and other excited states, we solve the Hamiltonian in both
approaches. To lower the system’s degrees of freedom, we must take into account
a few logical assumptions as the complexity of the problem rises with the number
of protons and electrons in the system. This aids in keeping the issue manageable
given our computational constraints. So, I've begun by outlining how the many
body Hamiltonian forms, and after that, we’ll show the various assumptions and

methods that are applied in order to solve it.

31
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2.1 Many body Hamiltonian

The fundamental building block of all materials, regardless of their configuration, is
the atom, which is composed of charge-less neutrons, negatively charged electrons,
and positively charged protons. The electronic structure and various properties
found in different materials are caused by the electrostatic Coulomb interactions
between these charged particles that are present in the atoms. The non-relativistic
time-independent many body Schrodinger equation, HV = EWV, where H is the
many body Hamiltonian, W is the set of energy eigenstates, and E is the set of
energy eigenvalues, can be used to describe this problem of interacting charged

particles in a quantum mechanical framework.
The many body Hamiltonian can now be expressed as

hz h2 1 Z[ZJ62 1 Z[G
H:_QMIEI:W_Q_WZ:V?JFE 2. R, —R,| 2 Z Z|Rf—r|

LJ(I#J) z',j(zaéy) il

(2.1)

In this Hamiltonian, r; indicates the positions of the i'" electron, whereas M;

I** nucleus, respectively. m, and

and R; stand for the mass and location of the
e stand for the electron’s mass and charge, respectively. Zje is the I** nuclei’s
charge. V# and V? are the Laplacian operators that hold second-order derivatives
concerning the electronic coordinates and the nuclei, respectively. The reduced
Plank’s constant is denoted by A. The kinetic energy of the nuclei and electrons,
respectively, are represented by the first two terms in the Hamiltonian. The third
term to the repulsive Coulomb interaction between the nuclei and the fourth term
relates to the Coulomb repulsion between the electrons. The potential energy

resulting from the attractive Coulomb interaction between the electrons and nuclei

is shown by the last term in the Hamiltonian.

At this point, the compact version of the Hamiltonian of equation 2.1 is expressed

as

H=Tn(R)+T.(r) + Van(R) + Vee(r) + Ven (r,R) (2.2)
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The many body Schrodinger equation can be solved to find all of the mate-
rial’s properties. However, because of the enormous number of linked coordi-
nates involved, this problem is extremely difficult to solve within a full quantum-
mechanical framework. A full analytical solution is accessible for only a few cases,
and the numerical solutions are limited to a relatively small number of particles.
Thus, in order to solve this coupled many-body Hamiltonian, two basic approaches

are taken into consideration:

a) The many body wave function is decoupled and therefore solvable in our com-
putational limits by using techniques like Hartree[106], Hartree-Fock [? |, Density
Functional Theory (DFT)[105, 107], etc. In light of the debut of some reason-
able approximations like the Born-Oppenheimer Approximation[108], Independent

electron approximation, etc.

b) Utilization of a model Hamiltonian that only includes the dominating interac-
tions and the important single particle orbitals that are crucial in identifying the
particular attribute under study for the electronic portion of the whole many-body
Hamiltonian. These models, which are solved using numerical approaches like the
exact diagonalization (ED) method, include the Tight Binding Model, Hubbard
Model, Heisenberg Model, Configuration Interaction (CI) Methods, etc.

The Born-Oppenheimer Approximation will be further discussed in the upcoming
sections, along with the many strategies and tactics I employed in my thesis work

to solve the many body Schrodinger equation.

2.2 Born-Oppenheimer Approximation

One of the most popular mathematical approximations in quantum physics, the
Born-Oppenheimer (BO) Approximation[108] is named after J. Robert Oppen-
heimer and Max Born. This assumption stems from the fact that nucleons are
assumed to be significantly slower than electrons because their mass is approx-

imately 1800 times heavier than that of an electron. As a result, with relation
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to the electrons’ motion, the nucleus may be regarded as stationary. In order
to tackle nuclear and electronic issues separately, this enables us to separate the
nuclear and electronic degrees of freedom. It is possible to rewrite equation 2.2’s

many body Hamiltonian as
H = Hnuclear + Helectronic - [TN (R) + Te(r) + VNN(R) + ‘/;e(r> + ‘/eN(raR)] (23)

Since the nuclei are thought to be fixed in relation to the electron’s motion, we
now eliminate the kinetic energy term of the nuclei (Ky) within this adiabatic
approximation. It is also believed that the potential energy resulting from nuclear-
nuclear interaction is a constant. Medelung energy[109] is the name given to this
constant nuclear potential energy V.y, and it is estimated classically. As a result,
following the Born-Oppenheimer Approximation, the Hamiltonian only includes

the electronic component and becomes

Hizoa = Te(r) + Vi (R) + Vee(r) + Ven (1,R) (2.4)

The electronic portion of the many-body Schrodinger equation can be solved to
yield the electrons’ energy eigenstates, which are explicit functions of the electron

coordinates and in which the coordinates of the nucleus only appear as parameters.

2.3 Independent Electron Approximation

The many body Hamiltonian is still a many electron Hamiltonian even though the
BO approximation separates the electronic and nuclear parts of the Hamiltonian
and makes the problem less complex. It is also challenging to solve since the
electron-electron interaction term V.. causes the electron degrees of freedom to be
coupled. In order to turn the interacting electron problem into a non-interacting
electron problem, more assumptions are made. We suppose that an astute selection
of the periodic potential V(r) can manage the electron-electron interactions in this

Independent Electron Approximation. Here, the interacting electron system is
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essentially projected into an independent electron system that is travelling under
an effective potential V (r) because of the remaining electrons in the system. Two
distinct ways have been proposed to accomplish this: i) A wave function-based
strategy that includes the Hartree[106] and Hartree Fock methods[110]; and ii)
Density functional theory [105, 107].

Density Functional Theory is preferred because it is computationally tractable even
for complex and extended systems, whereas wave function-based approaches have
the drawback of being computationally expensive even for small system sizes and
losing that tractability as system sizes increase. The Density Functional Theory,
which is employed in my thesis work and is implemented within the Vienna ab
initio simulation program (VASP)[111-113] to explore the electronic structure of

the materials, will be illustrated in the next part.

2.4 Density Functional Theory (DFT)

The Thomas-Fermi (TF) theory was first proposed by Thomas and Fermi in 1927
and provides a method for determining the electronic structure based on elec-
tron density[113]. Unfortunately, this theory could not support the bound states
because of significant errors in the exchange energy and estimates made for the
electron’s kinetic energy. Ultimately, a correct formalism based on electron density
was introduced by Hohenberg and Kohn in 1964 to solve the N-electron Hamilto-
nian and provide a good description of the system’s ground state features. The
density functional theory (DFT) was the name given to this formalism[105].In this
theory, the variable electron density is included to lower the number of degrees of
freedom and the complexity of the problem. It estimates the probability of finding
an electron near an atom or molecule in a specific area. This physical quantity
is experimentally measurable using the X-ray diffraction method[114]. The main
idea behind this theory was to use the electron density p(r)(just a function of 3
spatial variables), which is a function of only three spatial variables, as a fun-

damental variable in place of the N-electron wave function ¥(rq,...,ry), which
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is a function of 3N number of variables. The normalised N-electron wave func-
tion yields the non-spin single-particle density for an N-electron system, which is

expressed as

p(r;) = N/\Il*(rl, s Ty r)W(r, .1y, ey ) A dry L dr gy drgy - dry
(2.5)
The single particle density integrates with the total number of electrons in the

system and is only dependent on 3 spatial variables, i.e.
/p(ri) dr; =N (2.6)

In the same way, two-particle densities can be defined as

p(ri,rj):N(N—1)/\11*(r1,...,ri,...,rj,...,rN)\I/(rl,...,ri,...,rj,...,rN)

dI‘l dI‘Q Ce dr(i_l) dr(i+1) e dr(j_l) dr(j+1) Ce dI'N
(2.7)

The probability that an electron will be located at position r; in the presence of
another electron at position r; is the definition of this two-particle density. If there
is no correlation at all between the two electrons in the system, p(r;,r;) can be

obtained by multiplying the two single-particle densities:

plri,r;) = plr,)plr) (2.8)

However, because electrons in real physical systems are correlated, this two-particle
density is given as

p(ri,r;) = p(r:)p(r;) Ap(r;, T)) (2.9)

where the correlation term, Ap(r;, r;), is an extremely important term in the den-
sity functional theory. These electron densities now contain an enormous amount

of system-related information. More specifically, every one of the many-electron
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system’s ground state characteristics might be represented as a function of its

ground state electron density distribution.

Hohenberg and Kohn’s two mathematical theorems[115] served as the two main
tenets of this density functional theory and a collection of formulas produced by

Sham and Kohn[116].

2.4.1 The Hohenberg-Kohn Theorems

Theorem I Statement: The ground state electron density p(r) uniquely specifies
the potential V., (r) for any system of interacting or non-interacting electrons in

any external potential V. (r)[115, 117].

Proof: According to this theorem, the ground state electron density p(r) of the
system and the external potential V.. (r) always correspond one to one. The
system’s electronic Hamiltonian can now be expressed as Hye = Ko + Ve + Veur
using equation 2.4, where K. and V.. stand for the kinetic energy and electron-
electron interaction energy, respectively. Assume that there is a difference greater
than an additive constant between our two external potentials, V 4(r) and Vp(r).
Let ¥ 4 and U5 be the respective ground state wavefunctions, and let H4 and Hg be
the corresponding Hamiltonians. Therefore, HyW 4 = EAV 4 and HgVp = EgV¥p,
where E4 and Ep stand for the respective energies of the system, are two possible

ways to write the Schrédinger equations.

Let us now assume that the ground state electron density p(r) is produced by
these two external potentials, V4(r) and Vg(r). Now, the energies can be stated

as

Ea= (UalHa|V4) (2.10)

Ep = (Vp|Hp|VE) (2.11)
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we can also write

(Vp|Hp|Vp) = (Up|Hp|VE) + (Vp|[Ha — Hp]|Vp) (2.12)

Now, we may always express the inequality since the wave function ¥z does not

belong to the ground state of H 4.

Ey > (Vp|Ha|V5) (2.13)

i.e.EA > <\I]B|HB|\IIB>+<\I]B|[HA_HBH\IJB) (214)
1.e.FBy >EB+<\I/B|[HA—HB]|\PB> (215)
ie.Ba> Ep+ (Ug|[Va(r) — Vi(r)]|¥s) (2.16)

Likewise, we can obtain an expression for Eg.

Ep > Ex+ (Wa|[Vp(r) = Va(r)][V5) (2.17)

Adding equation 2.16 and equation 2.17 we get

Ea+En > B+ Eat (Ua|[Va(x) - Va(®)][Ws) + (V4| [Va(r) — Vi) L) (2.18)

Eat+Ep > Ep+Ex+ (Vp|[Va(r) = Vp(r)||¥s) — (Wal[Va(r) = Vs(r)][¥a) (2.19)

Given that both V4(r) and Vg(r) lead to the same ground state electron density

p(r), the equation above can be expressed as

E +FEp > EB+EA+/p(r)[VA(r)—VB(r)] d3r—/p(r)[VA(r)—VB(r)] d*r (2.20)
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which leads to
Er+ Eg > FEg+ Ey (221)

This discrepancy disproves our original theory that the same ground state density
can arise from two distinct external potentials. This suggests that the external
potential (apart from an additive constant) is uniquely determined by the ground

state density.
Theorem 11

Statement: A multi-electron system’s energy can be expressed as E[p(r)], the
universal functional form of the charge density. The global minimum of this func-
tional, which is determined by the variational principle, is the system’s ground
state energy. The ground state charge density is the charge density that relates to

the lowest energy.

The total energy functional for a system of N electrons, represented by the Hamil-

tonian H = T, 4+ V.. + V.4, can be expressed as a function of density p(r):

Elp(r)] = (¥|H| V) (2.22)
Elp(r)] = / D0+ Vi + Vit (1) dPr (2.23)
Elp(r)] = T[o(r)] + Euelp(x)] + / D(0) Vo (x) dPr (2.24)

The kinetic energy term in this case is T[p(r)], and the electron-electron interaction
term is E.. [p(rr)]. The combination of these two terms is known as the Hohenberg-

Kohn functional F[p(r)], i.e.

Flp(r)] = Tlp(r)] + Eee[p(r)] (2.25)

Consequently, the equation above has the form

Elpl)] = Flot) + [ pe)Veu () s (2:20



Chapter 2. 40

It is now possible to uniquely calculate the ground state energy Eq[p(r)] of the
many-electron system by computing the global minimum of this energy functional
E[p(r)], which corresponds to a unique V.. The ground state charge density
(po(r)) of the system is defined as the electron density that corresponds to the
least energy (E[p(r)]). Thus, we can state that the following inequality holds for

any other electron density pf(r).

Elp'(r)] = Elp(r)] (2.27)

2.4.2 Kohn-Sham Formulation

Since the Hohenberg-Kohn functional’s form is unknown, determining the ground
state energy of any interacting N-electron system is challenging. A formalism
that provides a good approximation of the Hohenberg-Kohn functional F[p(r)]
was proposed by Kohn and Sham|[116] in 1965.

Initially, the energy functional’s electron-electron term is expressed as follows:

r;,Tr;)
dr; dr; (2.28)
//’rz rj| ’

where the two-particle density, denoted by p(r;,r;) , takes the following form (from

equation 2.9) for an interacting electron system:

p(ri ;) = p(ri)p(r;) Ap(r, ;) (2.29)

With the use of the decomposition, the equation above may be expressed as

p(ri,15) = p(ry)p(ry)[1 — f(rs ;)] (2.30)
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where Ap(r;,rj) = [1— f(r;,r;)] and f(r;, r;) s the correlation function. Therefore,

equation 2.28 can be rewritten as:

// r r\ d Wity // e |r rl\n“rj)dridrj (2.31)
] - Ly

which, in a concise form, may be expressed as:

B [p(v)] = Eulp(r)] + AE, (2.32)

// T, —r| drldrj (2.33)
i1

AEee - a5 // rZ ‘ r“ r]) drl dI’j (234)
r

z_ry|

where

and

The Hartee energy, or classical electron-electron Coulomb interaction term, is de-
noted as Ey[p(r)] in this context. The correlation term between electrons is de-

noted by AF,..

Now, the existence of the Laplacian operator (derivative term) renders address-
ing the kinetic energy component T [p(r)] in the energy functional exceedingly
challenging. The charge density of the N-electron interacting system was sub-
stituted, for the sake of simplification, with the charge density of the N-electron

hypothetical non-interacting system, which is given by

N

p(r) =23 6 ()oulr) (2.35)

=1

where ¢;, also known as the Kohn-Sham orbitals, is the non-interacting single
electron wave function. The reason for the multiplication factor of 2 is that spin

degrees of freedom have been included in this. Using these Kohn-Sham orbitals,
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the kinetic energy of this non-interacting N-electron system can be expressed as

N

Tloe)] = Y (0i0)] - 5 > V6i(x) (236)

i=1 =1

The kinetic energy of the real system is not provided by the Kohn-Sham orbitals,
which are entirely mathematical. Thus, the actual system’s kinetic energy can be

written as

Tlp(r)] = Tolp(r)] + ATee (2.37)

where the electron-electron correlation gives rise to the kinetic energy term, AT,..
Now, substituting E.. [p(r)] from equation 2.32 and T ([p(r)] from equation 2.37

in equation 2.25 we get
Flp(r)] = Tolp(r)] + ATi. + Eylo(r)] + AL, (2.38)

In the equation mentioned earlier, the terms AT,, and AF,, originate from electron-

electron correlation and are combined into a single quantity, Exc[p(r)], i.e.
EXC[p(r)] = ATee + AEee (239)
Thus, equation 2.38 is transformed into

Flp(r)] = To[p(r)] + Eulp(r)] + Exclp(r)] (2.40)

Now, the global minimum of the energy functional E[p(r)] given in equation 2.26
can be used to determine the ground state energy of the system. The Euler
equation is obtained by subjecting this minimization to the constraint that the

total number of electrons N is conserved (i.e., [ p(p(r)) dr = N).

J

3p00®) [F'lp(r)] + / p(r) Vexs (v) dr — pur ( / p(r)d®r — N)] =0 (2.41)
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where the Lagrange Multiplier connected to the restriction of conserved total elec-

tron number is denoted by pr. The formula above comes down to

pr = OFp(x)] + Vext(T) (2.42)

op(r)

In the equation above, substituting F[n(r)] from equation 2.40 yields

8 (Tolp(r)] + Exlp(r)] + Exclp(r)])

[ = 5n(r) + Vet (1) (2.43)
_ 0T[p(r)]  0Eg[n(r)]  0Exc([p(r)] r
S el a1l 240
The above equation can be rewritten as
ML = —57(;(;[?1(.;)] + +VH(I') + VXC(r) + ‘/ext(r) (245)

where Vg (r) = % and Vxeo(r) = 5E5)/§(Cr§r). Returning to equation 2.41, the

self-consistent Kohn-Sham equation is as follows once the total energy functional

is minimised using the variational principle:

¢i(r) = €;0i(r) (2.46)

2m

[_h_gw + Vi (r) + Vxe(r) 4 Ve (1)

The form of Vx¢(r) in the equation above is unknown. The Kohn Sham potential
Vis(r) refers to the combination of the three potentials Vi [p(r)], Vxc[p(r)], and
Vext[p(r)]. Thus, the Khon-Sham equation has the following form:

¢i(r) = €;i(r) (2.47)

h2
_%VQ _|_ VKS(r)

It is crucial to keep in mind that the Kohn-Sham orbitals (¢;(r)) and energy

eigenvalues (;) are not actual electron wave functions or electron energies; rather,
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they are entirely mathematical constructs with no physical significance. The only
ground state electron density that is an exact match is the one that can be calcu-
lated by solving the Kohn-Sham equations for the single electron. The Kohn-Sham
Hamiltonian’s dependence on density, which in turn depends on the same Hamil-
tonian’s eigenfunction, is another crucial point. As a result, we are having trouble
being consistent here. Thus, the following procedures are used to solve the Kohn-

Sham equation iteratively[118]:

Step 1 : To start with, choose a trial electron density,p(r)

Step 2 : Compute the Kohn-Sham potential(Vxs[p(r)] using this starting electron
density.Next, to determine the single particle wave functions¢;, solve the Kohn-

Sham equations with the proper boundary conditions.

Step 3 : Determine the electron density pxs(r) =2 ._, ¢7(r)¢;(r) by using the

single particle wave function that was acquired in the preceding step.

Step 4 : Examine the electron density that was determined in the previous step, pks(r)
with the initial trial electron density,p(r). This converged electron density is the
ground state electron density if the two electron densities are consistent and meet
certain predetermined convergence requirements. If not, we update the density
of electrons pks(r) In in some manner, return to step 2 and repeat the following

procedures.

Figure 2.1 provides a visual representation of how the Kohn-Sham equation is

solved.

2.4.3 Approximations For Exchange Correlation Functional

Local Density Approximation(LDA):
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Hohenberg and Kohn introduced the Local Density Approximation (LDA) in their
DFT work[105] in 1965. As the name suggests, this is the most basic approxima-
tion in which the exchange-correlation energy per particle solely depends on the
local density. Here, the exchange correlation energy Homogeneous Electron Gas
(HEG), which corresponds to the electron density at that specific place in space,
approximates the genuine exchange-correlation energy at any given point in space.
For this homogeneous electron gas, the exchange-correlation energy can be exactly

determined, and the total exchange-correlation energy of the system, under the

Initial guess

n(r)

Calculate effective potential

Veﬁr (l‘) = Vext (1’) + VHartree [n] + ch [H]

Solve KS equation

[ VY, (r)},v;- (r) = &,.0/,(r)

m

Calculate electron density

N
n(r) =¥ (1)¥(r)
=1

No

Self-consistent ?

Yes

Output quantities

Potential Energy, Static structure,
Born effective charges, etc...

FIGURE 2.1: Flowchart of DFT
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local density approximation, has the following form

ELDAp(r)] = / p(0)HE () dr (2.48)

In a homogeneous electron gas, efE£[p(r)] represents the exchange-correlation

energy per electron, which corresponds to the electron density p(r).It is possible

to divide this €{/E%[p(r)] into independent exchange and correlation components.

exclp(r)] = eX"Co(r)] + 7 p(r)] (2.49)

In the above equation, the exchange energy per electron, or ef£%[p(r)], was ana-

lytically determined for HEG by Dirac [20] and bears the following form.

X p(r)] = —3762\3/ 3/)7@ (2.50)

and For the HEG, the correlation energy per electron is denoted by eZE%[p(r)].
Only in the cases of low density[119] and high density[120, 121], which correspond

to the limit of infinitely weak or indefinitely strong correlation, can this be derived

analytically. For each density, the analytical HEG form of ¢ZF%[p(r)] is provided
as follows:
1.a a
€SV p(r)] = 5{—1 b ] (2.51)
Ts 7,,82
eggh[p(r)] = Ay + Aors + (As + Ayrg) In(rs) (2.52)

The Wigner-Seitz cell’s radius, r,, depends on the electron density in this case as
- = — 2.53
37" (2.53)

Quantum Monte Carlo (QMC) calculation can be used to calculate the correlation
energy density value e2%%[p(r)] for intermediate electron density. Popular tech-
niques like Vosko-Wilk-Nusair (VWN)[122], Perdew-Zunnger (PZ81)[123], Cole-

Perdew (CP)[124], Perdew-Wang (PW92)[125], etc. are included in this framework
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and use various functional forms of the correlation energy in the LDA correlation
potential. Nonetheless, as the correlation and exchange energy densities solely rely
on the local density, LDA is appropriate for gradually changing densities. Addi-
tionally, it is discovered that LDA tends to overestimate cohesive and binding

energies while underestimating the lattice parameter and solids’ band gaps.
Generalized Gradient Approximation (GGA) :

Since LDA cannot adequately explain real systems in which the production of
spatially directed connections causes electron density to change non-uniformly, it is
not a very plausible approximation. It was required to improve the approximation
of the exchange correlation functional in order to account for the inhomogeneity of
the charge density. As a result, the Generalised Gradient Approximation (GGA)
was proposed, in which the local density and the gradient of the electron density
both influence the exchange-correlation energy density. The exchange correlation

energy is stated as under this approximation:

ESE p(r)] = / p(r)ex e p(r), [Vp(r)l] d*r (2.54)

Currently, there are several GGA functionals, including Perdew and Wang [27],
Becke-Lee-Yang-Parr (BLYP)[126], and Perdew, Burke and Ernzerhof (PBE)[127],
depending on the functional form of ex¢[p(r), |Vp(r)|] that is selected. Even
though GGA provides a more accurate representation of total energies, struc-
tural energy difference, and atomization energies[127], it occasionally overcorrects
the LDA approximation. In general, GGA outperforms LDA for systems with

significant correlations.
Hybrid Functionals :

Another often used approximation for the exchange-correlation functional is the
hybrid functional. It includes the remainder of the exchange-correlation energy
from other ab initio potentials (LDA or GGA functionals) plus a portion of the

exchange correlation energy from Hartree-Fock theory. Heyd-Scuseria-Ernzerhof
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(HSE)[111], PBEO[127], ”Becke, 3-parameter, Lee-Yang-Parr” (B3LYP)[128], and

other hybrid functionals are a few that are frequently employed.

The most well-known hybrid functional, called after J. Heyd, G. E. Scuseria, and
M. Ernzerhof, is the HSE hybrid functional[111]. This considers the impact of
the exchange functional on the screened Coulomb potential. The HSE hybrid

functional has the following form:
BUSE = a B 4 (1 — ) B2 (w) + BXPP M (w) 4+ EEPE (2.55)

where « is the mixing parameter. The short-range Hartree Fock exchange potential
is denoted by E)I?gs R whereas the short-range and long-range PBE exchange

E)IEBE’SR and E;BE’LR , respectively, and the PBE

potentials are represented by
correlation energy is represented by EEBF. The hybrid functional’s Hartee-Fock
exchange (HF) is now non-local in nature. Understanding the value of the Kohn-
Sham orbitals ¢; at every location in space is necessary to determine its value at
any given position. The hybrid functionals are computationally costly as a result.

Despite this, their popularity originates from their propensity to outperform LDA
or GGA in highly correlated systems.

2.5 Numerical Approximations for DFT Calcu-

lations

The Kohn-Sham equations are numerically solved in an iterative fashion to ob-
tain the ground state electron density, which is necessary in order to accurately
evaluate the electronic structure and other physical aspects of any many-electron
system. Since the exchange-correlation potential’s precise functional form is un-
known, several numerical approximations have been proposed in an attempt to
determine its appropriate form. For instance, infinite sums are trimmed to finite
ones, integrations are performed with a finite number of grid points, etc. As a

result, it introduced some inaccuracy into the computations, and the converged
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solution that DFT provides is not the precise solution but rather one that is quite
near to it. Some of these numerical assumptions used in the DFT computation

will be covered in this section.

2.5.1 Plane Wave Basis and Cut-off Energy

We must choose a suitable set of basis functions in order to solve the single electron
Kohn-Sham equation computationally. Because of the periodic arrangement of
atoms, electrons in crystalline materials move in a periodic potential. potential
can be increased in term of periodic Bloch states[129] represented as the single
particle wave functions for non-interacting electrons (Kohn-Sham orbitals) in such
periodic potential as

Gi(r) = ™ Tuy(r) (2.56)

In this case, the function u;(r) has the translational periodicity of the Bravais
lattice, that is, u;(r + T) = u;(r), where T is the real-space translation vector,
denoted as T' = nia; + noag + nzag, where a;, as, and ag are the lattice vectors
in real space and nqy, no, and ng are integers. Now, using the Bloch theorem, we

may extend u,(r) in terms of plane waves (Fourier Expansion), which is given as
ui(r) = Cae'S™ (2.57)
G

he reciprocal lattice vector, G, is defined in terms of reciprocal space unit vectors
as G = mja; + meag + mgag. where by, by, and bs are the lattice vectors in
reciprocal space and my, ms, and ms are integers. Equation 2.56 can therefore be

expressed as follows:

$i(r) =) Capee GO (2.58)
G

The infinite sum of plane waves with kinetic energy E :% |k+G|? 2m is involved in
the right side of the equation above. It is therefore not possible to work numerically

with this. For this reason, this infinite sum must be truncated to a finite one, for
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which the cut off energy E.ut which is defined as:

h2
Ecut = G2

2 m cut

(2.59)

The basic set includes all plane waves whose kinetic energy is smaller than E. ut
alone. Elevating the value of E.ut can help decrease the mistake in the calculation
caused by the truncation of plane waves. Following a certain threshold, increasing
E.ut does not significantly alter the system’s total energy per atom. To calculate
the electrical structure and obtain a convergent result, this E.ut value is employed

in practice.

2.5.2 K-Space Integrations

A significant amount of effort is spent in density functional theory calculations
evaluating k-space integrals of different functions in the Brillouin zone using the

form

=2 [ pwyak (2.60)

~ o
where V denotes the solid crystal’s unit cell volume. By adding up the value of
the function f(k) at a finite collection of k-points with the appropriate weight,
the integrals are computed numerically. The computations become more accurate
as the sample size grows, and for a sufficiently high number of k-points, they
may converge to the precise integral value. Therefore, in order to assess such
integrals effectively, one must select the collection of k-points. I'-centered k-mesh
and Monkhorst-Pack k-mesh are the most often utilised k-meshes for taking equally
spaced points in the Brillouin zone into consideration.The method known as the N
X N x N k-mesh calculation is used to sample the Brillouin zone when N number
of k-points are taken along the direction of each reciprocal lattice vector. In order
to assess the convergence in the k-mesh, one must increase N until the total energy

changes insignificantly with each additional N change.
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2.5.3 Pseudopotential and Frozen core approximation

It is commonly known that there are two sorts of electrical states that exist in
any atom: (i) Delocalized valence electron states, which actively contribute to
shaping the electronic characteristics of the material; (ii) localised core electron
states, which are closely connected to the nucleus. The related wave functions
oscillate very quickly on a very short length scale due to the core electrons’ tight
bond to the nucleus, and their kinetic energies are significantly higher than those
of the valence electrons. As a result, setting a very high cut off energy for the
plane wave basis set is necessary to provide a meaningful description of these core
states, which raises the computing costs.Therefore, certain appropriate estimates
must be made in order to deal with the core electrons. This suggests that the pseu-
dopotential theory be presented. The material’s electrical and physical properties
are preserved because the pseudopotential is designed to accurately replicate the
valence electron states. Another name for this approximation is the frozen core
approximation.Using |¢.) and |v,), respectively, let us symbolise the wave func-
tions that correspond to the valence and core electrons. The following Schrodinger

equation is satisfied by them:
H %) = e|y°) (2.61)

H[p?) = €’[y”) (2.62)

where € and €” are the eigenvalues that correspond to the core and valence electron
states, respectively, and H is the single-electron Hamiltonian. The electron density
of the core electrons is now replaced by a smoothed function in the pseudopotential
approximation. To accomplish this, we create a fresh collection of valence states

|¢,) for single particles.
[60) = [u) + Y acte(x) (2.63)

The requirement that [¢¢) and |1)") are orthogonal to one another, i.e., (¢°[¢)")=0,
allows us to calculate the value of a¢ in this case, which equals (¢|¢"). Now that

a has been determined, equation 2.63 can be rewritten as
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[6°) = [9") + ) [°) (¥°]¢") (2.64)

Using the equation above, we can now write [1)") as
[¥") = |¢") Z [4°) (1] 6") (2.65)
This value of [1)”), when entered into equation 2.61, yields
H|¢") Z %) (°]¢")] = €[ ¢") Z [4°) (1°]¢")] (2.66)
which one could rewrite as

[H + Z €o) o) (el [n) = €2, (2.67)

Thus, using a modified potential that replicates the identical eigenvalues v corre-
sponding to the original valence states |t),), the new valence electron states |¢,)

follow the above single particle equation.

This new Hamiltonian is referred to as a pseudo Hamiltonian and is given as
HPM = [H + ) (e = e)|ve) (0] (2.68)

and the corresponding modified nuclear potential is known as the pseudo-potential,

which is expressed as
=V 4+ (" — ) ) ()] (2.69)

where V is the attractive nuclear potential in H and the second component is
the correction term, which tends to drive the corresponding states |¢,) from the
core area because it is strictly repulsive in nature because €, > ¢.. The attractive
nuclear potential that is protected close to the nucleus at the core area is felt by

the new valence electron states as a result of the existence of this second term.
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Consequently, the effective pseudo potential smoothes out significantly and loses its
% singularity for the nucleus at the centre. Thus, in the core region, the associated
wave functions become substantially smoother. The pseudo potential technique
is schematically shown in Fig.2.2. This figure illustrates the cut-off radius (r.)
beyond which the pseudo-wavefunction and pseudo-potential are the same as the
original electron wavefunction and potential, respectively. On the other hand, the

new valence states suffer a weaker potential in the core area, or within r,.

Strange to this idea, a number of formalisms are put up to obtain more precise
yet smoother pseudo potentials. Using norm-conserving pseudo potentials is one
such widely used technique, which was first proposed by Hamann, Schliiter, and
Chiang [33]. In this method, the all electron wave function is replaced by an ef-
fective pseudo wave function within the core radius (r.), subject to the constraint
that the norm of these two wave functions has the same value within r. and that
the wave functions are identical beyond r..Setting the core radius around the out-

ermost maximum of the all electron wave function is necessary to achieve good

L
I pseudo

FIGURE 2.2: Schematic diagram of the Pseudopotential V¥
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transferability (i.e., performance in different chemical environments) of the wave
function. This ensures that the pseudo wave function replicates the charge distri-
bution and moment of the all electron wave function. Consequently, in order to
explain the pseudo potential for elements with strongly localised orbitals, like rare
earth and 3d elements, a large plane wave basis set is needed. In order to address
this issue, the transferability of the wave function is adversely impeded if the core
radius is selected beyond the outermost maximum of the all electron wave func-
tion. Additionally, there are issues with elements in the periodic table’s first row
that lack a core electron. A method for creating ultrasoftpseudopotentials (USPP)
when the norm-conserving requirement is removed was proposed by Vanderbilt in
1990. Consequently, this method reduces the size of the basis set, increasing its
computational efficiency. The lost information of wavefunctions close to nuclei,
which can lead to misconceptions about certain material properties depending on
the core electrons, is one drawback of the pseudo potential method. The Projector
Augmented Wave (PAW) Method is another pseudo potential technique that was

created to get over this drawback.

2.5.4 Projector Augmented-Wave(PAW) Method

In 1994, Bléchl presented the Projector Augmented Wave (PAW) Method[130].
This approach was modified for plane wave calculations by Kresse and Joubert[130].
Using this method, an all-electron wave function is created, allowing for the com-
putation of all integrals as a sum of localised muffin-tin orbital contributions and
integrals of smooth functions stretched over space[131]. Thus, the pseudo valence
state wave function ¢/?(r) and a linear transformation function that converts 4 (r)
into the all electron wave function 7,5;’(7") are combined to create the all electron

wave function.

(w5 (r) =050+ 3 (16— 160)) (@) (270)
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In this case, the atomic site R is represented by index i, and the projector func-
tions for pseudo partial waves (¢;) are represented by p(r) which satisfies the

orthogonality requirement (P;|¢;) = 6, ;

The all-electron charge density can be expressed using the equation above as

p(r) = p(r) + p'(r) — p'(r) (2.71)

where
2

@/;i(r)

(2.72)

p(r) = Z Ji

pi(r) = Z Ji ) (ilbsl s (v)on(x)) (G| LI ) (2.73)

gk
pr(r) = i > (Wilps16;(r) d(x)) (De B 1) (2.74)

i jk
The occupancies of the eigenstates (&f) s are indicated by f; in the equations
above. In this case, the pseudo-wavefunctions with plane wave basis are used to
calculate the pseudo-charge density (p(r)). The onsite charge densities localised
within the augmented sphere around each atom are denoted by (p'(r)) and (p'(r)).

The system’s total energy, which is also divided into three parts, can be calculated

using these three charge densities.

2.6 Maximally localised Wannier Functions

A new set of basis functions, known as a superposition of the Bloch orbitals cre-
ated by a sequence of unitary transformations, was developed by Gregory Wannier
in 1937[132]. Wannier functions are the term given to these new orbitals. Atomic
orbitals are not the same as these orbitals. Although these functions are local
orbitals, there are situations in which the bandwidth is insufficient to make them
local. The indeterminacy of the Bloch orbitals does not make these Wannier func-
tions unique. In technical terms, these functions ¢%(r) reflect the wavefunctions

in real space and are the Fourier transform of the Bloch wavefunctions ®,,,. The
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function’s most prevalent form is
VR(r) = / Z UK @y, (r)e R dk (2.75)

where n and m are the band index, k is the wavevector, and w‘}é(r) is the Wannier
function at site R. The unitary matrix U(k) is responsible for transforming Bléch
wavefunctions among themselves at every k points. Every decision made for Uk)
generates a new set of Wannier functions with varying degrees of spatial extension,
hence the choices are not unique. The Wannier spread, another name for this

spatial extension, is provided as

o= 3 (i) - |woreo)]) .70

J

Typically, U'k) is selected so as to maximise the localization of the Wannier spread
. The first to propose this technique to remove U'k)’s arbitrariness was Marzari
and Vanderbilt[133]. The entire Wannier spread can be separated into two terms:
wr, which is gauge invariant, and @&, which is dependent on the gauge choice U'k).
It is possible to break down the term @ further into diagonal terms (wp) and

off-diagonal terms (wop).
w:w1+@:w[+wD+w0D (277)

In the foregoing expression, w;, wp, and wop are given as,

wor =3 [ W) 1ede) Z\wR )irfude)| (2.78)

J

wp = 33 [whmlrm)| (2.79)

i R#£0
won = 3 [WhmIrm)| (280)
i#j

While this method works well for calculating Wannier spreads for isolated bands, it
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is more challenging to handle entangled bands, particularly in the k point regions
where the bands are hybridising. The maximum localised Wannier functions are

found by a disentanglement process[134] in order to get around this issue.
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Multifunctional Heusler Materials

3.0.1 Heusler Topological Insulators

The diversity of Heusler compounds (over 1,500 members) allows for optimi-
sation of parameters such as SOC strength and gap size across different com-
pounds. This is important for understanding topological order and phase transi-
tions, as well as designing realistic applications[135]. Heusler compounds, par-
ticularly those containing rare earth elements with strongly correlated f elec-
trons, have unique ground-state properties such as magnetism[136], unconven-
tional superconductivity[137-139], and heavy fermion behaviour[140]. Heusler
compounds are ideal for achieving novel topological effects (e.g., image monopole
effect and axions), new topological phases (e.g., topological superconductors), and

diverse applications.

The rare earth Heusler compounds LnPtBi (Ln = Y, La, and Lu) have been pre-
sented as a model system with nontrivial TSSs and substantial band inversion[141—
143]. The compounds have a non-centrosymmetric lattice (space group Fm3dm, No.
216). LnPtBi has three interpenetrating fcc lattices that create a metallic multi-
layer along the [111] direction. The rare earth elements platinum and bismuth are
represented by successive atomic layers. Inversion of the I's and I'g bands creates a
gapless semimetal with degenerate I's bands at Fermi energy. LnPtBi is classified
as a T due to its inverted band structure, similar to HgTe.

58
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Despite much research in theory [141-143] and experiment [144-146], the topology
of Heusler TIs remained elusive until recently [147, 148]. Comprehensive ARPES
measurements and ab initio computations were used to determine Dirac-type sur-
face states in Heusler compounds LuPtBi, YPtBi (120), and LuPtSb[148]. Unlike
many TIs, LnPtBi’s TSSs are located below the Er and overlap with the bulk va-
lence bands, similar to HgTe[149-151]. Metallic surface states with large Rashba
splitting cross the Er, making these compounds promising for spintronic applica-
tions and potentially mediating topologically nontrivial superconductivity in their

superconducting phase.

3.0.2 Heusler Magnetic Weyl Semimetals

Combining band inversion and magnetism in a single Heusler compound allows for
the creation of magnetic WSMs. Substituting Ln with most lanthanides produces
magnetism due to the f electrons. When Ln = Gd or Nd, GdPtBi and NdPtBi
show magnetism from their 4f electrons while maintaining the I's-I'¢ band inver-
sion. GdPtBi (126, 127) and NdPtBi (128) exhibit antiferromagnetism (AFM)
at temperatures lower than their respective transition temperatures (Ty = 9.0 K
and 2.1 K). The magnetic structures of GdPtBi and NdPtBi differ. GdPtBi is
a type-II antiferromagnet, while NdPtBi is a type I antiferromagnet. This sug-
gests that the magnetic ordering below the Néel temperature has no impact on
Weyl physics, as discussed further below. It is important to note that neodymium
and gadolinium have different sizes, anisotropy moments, and degeneracy. FEx-
perimental studies have revealed that GdPtBi and NdPtBi become WSMs when
the exchange splitting of the I's and I'g bands is sufficient to establish the Weyl
points[152, 153].

Other magnetic and nonmagnetic Heusler compounds, including Co-based Heusler
materials XCoqoZ (X = V, Zr, Nb, Ti, Hf; Z = Si, Ge, Sn)[154] and strained
Heulser TI materials[155], have been identified as potential WSM candidates. The
KHgSb honeycomb Heulser materials exhibit weak TIs[156] and nonsymmorphic

symmetry-protected topological states[157]. Nonsymmorphic symmetry-protected
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DSMs have been observed in the AFM Heusler material CuMnAs[158]. The chiral
AFM Heusler compounds Mn3X (X = Sn, Ge) with significant AHE at room
temperature[159, 160] are anticipated to be AFM WSMs[161]. Other Heusler-
like ternary compounds, including ZrSiS[162] and LaAlGe[163], have also been
identified as topological semimetals. We anticipate further discovery of WSMs

and DSMs in the prolific Heusler family and related compounds.

In this chapter, We will discuss two Heusler compounds that exhibit intriguing
topological and electronic properties. The first compound, Cos VAL, demonstrates
a gapped nodal line half-metal behavior, and the second, Co,CrGa, reveals triple
point generated Weyl points. Both compounds® highlights the rich physics and

potential applications of Heusler alloys in spintronics and topological materials.

Coo VAl is a Heusler compound where cobalt (Co) and vanadium (V) occupy the

transition metal sites, and aluminum (Al) occupies the main-group element site.

3.0.3 Nodal-line semimetal Heusler compound Co; VAl

Since the intrinsic AHE and magnetism are closely related to each other [164], it is
essential to identify the magnetic nature of the studied compound. In Fig.3.1(a) we
have shown the crystal structure of Co, VAl and the corresponding high symmetry
point in the Brillouin zone. Magnetic moments of Coy VAL are calculated using the
first-principles method and transition metal atoms Co and V atoms have major
contributions with magnetic moments pic, = 0.911 pp/fu and py = 0.210 pp/fu
respectively. Al behaves like a non-magnetic atom and the total magnetic moment
per formula unit of this system is 2.02 pg/f.u. The two Co and one V atoms
contribute 18 and 5 valence electrons, whereas one Al atom contributes 3 valence
electrons. Therefore, Cos VAL is expected to have an effective magnetic moment

of approximately 2 pup/fu. Our calculations show that this material is a half

IThis chapter is based on ”Nodal-line and triple point fermion induced anomalous Hall effect
in the topological Heusler” compound Co2CrGa - S. Chatterjee, J. Sau*, S. Samanta, B. Ghosh,
N. Kumar, M. Kumar, and K. Mandal, Phys. Rev. B 107, 125138 (2023) and ” Anomalous Hall
effect in topological Weyl and nodal-line semimetal Heusler compound Co2VAI”- S. Chatterjee,
J. Sau*, S. Ghosh, S. Samanta, B. Ghosh, M. Kumar and K. Mandal, J. Phys.: Condens.
Matter,35035601 (2023)
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FIGURE 3.1: (a) Crystal structure of CoyVAl with Fm3m space group. Co,
Al, and V atoms are shown in blue, green, and red, respectively, and the Bril-
louin zone (BZ) of the crystal CoaVAL (b) The total density of state (DOS)
of Coy VAL Blue and red curves represent the total DOS for the majority and
minority spins. (c¢) The band structure of Coa VAl in the absence of SOC (cross-
ing points are marked by blue circles). The inset shows the enlarged view of
the crossing points. (d) The band structure of CoaVAl in the presence of SOC
(gapped nodal lines are shown in blue circles). The inset shows the enlarged
view of gapped nodal lines.

metallic system and follows the SP rule with magnetic moment 2.02 pp/f.u. The
observed magnetic behavior is in good correspondence with the literature [165].
The calculated magnetic moment for Coy VAL is also in good agreement with our
experimentally obtained value. In Fig.3.1(b) a spin-resolved density of state (DOS)
is shown, and we noticed that the DOS is fully gapped for minority spin, whereas

it is metallic for majority spin.

To understand the topological aspects of the compound, the band dispersions
are calculated using plane wave-based pseudopotential [166] in the absence and
presence of SOC. There are many band crossings from nodal lines in the absence
of SOC. In Fig.3.1(c) all the nontrivial crossing points near Fermi energy are
marked by a blue circle without SOC along high symmetry points, and the inset
shows the enlarged view of the crossing points. However, in the presence of SOC,

the nodal lines are gapped out except for a few symmetry-protected Weyl points.
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FIGURE 3.2: (a)Energy gap AE(ky, k) is plotted in k,-k, plane at k, = 0 with

SOC. (b) and (d) Berry curvature distribution in k,-k, plane and k,-k. plane.

(c) Energy (E — Er) dependence of the AHC. Inset represents the zoomed view
of the energy dependence of the AHC close to Ep.

We consider the SOC and direction of magnetic polarization along [001], therefore,
the nodal line remains gapless in the k£, = 0 plane. The band dispersions in the
presence of SOC are shown in Fig.3.1(d) around the Fermi-energy and blue circles
along I'-W and I'-X symmetry path indicate gapped out band crossings. The
inset shows the enlarged view of the gapped nodal lines. The point group crystal
symmetry of Co, VAl is Fm3m (space group 225). It has three mirror planes [167],
M ,(k,=0), M,(k,=0), M ,(k.=0) and three Cy rotation axes in absence of finite
magnetization. These mirror planes protect the gapless nodal lines in the band

structure in k, = 0, £, = 0, £k, = 0 planes.

The presence of SOC along [001] direction only preserves the mirror symmetry
M, = 0 and C4, rotational symmetry. Therefore, two nodal lines on the k, = 0,
k, = 0 planes are expected to gap out and the nodal line along the k£, = 0 plane
should be preserved and some of the Weyl points are expected to be present out of

k. = 0 plane. We analyzed the electronic band structure of the tight-binding model
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TABLE 3.1: The Weyl points’ positions, Chern numbers, and the energy relative
to the Ep of Coa VAL

Weyl points k. ky k., | Chern number | E-Er
1 -0.52 | 0.009 | -0.36 -1 0.26
2 -0.23 | -0.007 | -0.76 1 0.04
3 0.78 |-0.004 | -0.22 1 0.07
4 0.10 0.01 | 0.91 1 -0.2
5 -0.0006 | -0.27 | -0.69 -1 0.14
6 -0.009 | 0.89 |-0.12 1 -0.16
7 0.01 0.13 | -0.88 -1 -0.15
8 0.0009 | -0.46 | 0.40 1 0.29
9 -0.95 | -0.05 | 0.03 -1 -0.26
10 0.008 | -0.81 | 0.20 -1 -0.03

Hamiltonian calculated using the Wannier90 [168, 169] calculations with the help
of Wanniertools [? ]. In Fig.3.2(a), the color plot of the energy gap between the
lowest conduction and the topmost valence band is shown using the logarithmic
scale in the presence of SOC at the k, = 0 plane. The gaps smaller than 10~* eV
are considered to be gapless, and the oval structure shown in Fig.3.2(b) is mostly
gapped except for Weyl points. Due to small gaps at the nodal lines a large berry
curvature in k, = 0, and k, = 0 planes are noticed as shown in Fig.3.2(b) and
Fig.3.2(d) respectively. Filled and open circles represent the Weyl points with
chiral charge +1 and -1 in k, = 0, k, = 0 planes as shown in Fig.3.2(b) and
Fig.3.2(d). The location of energy and momentum coordinates of Weyl points
are listed in Table 3.1. Wannier charge centers are also calculated to confirm the
chirality at Weyl points. The AHC is proportional to the Berry curvature which is
a geometrical property of energy bands. The Berry curvature creates a transverse

anomalous velocity in the electronic motion and generates a large AHC.

The intrinsic AHC can be evaluated in the linear response theory of Kubo formal-

ism [170] and AHC in the xy plane can be expressed as

7o == [ o 0B 3.)
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22 is Berry curvature and it can be written as

z _ o <wnk|vx‘¢mk> <wmk”0y’wnk>
%= 2 ) - B 32)

where f,(k) represents the Fermi-Dirac distribution function,n is for the occupied

10H(k)

5ok 1S the

bands index, E,, (k) is the eigenvalue of the nth eigenstate ¢, (k),v; =
velocity operator along the i (i=x,y,z) direction. To calculate AHC, the spin-
orbit coupling is considered along the [001] which is also a direction of magnetic
polarization. Nearly degenerate bands near the nodal line in k, = 0, k, = 0 plane
have large Berry curvature as shown in Fig.3.2(b), Fig.3.2(d) and contribute to
the intrinsic AHC. At the E calculated AHC value of Coy VAl is ~ 64 S/cm which
is in good agreement with the experimentally found intrinsic AHC 70 S/cm. The
experimentally calculated AHC is comparable to that reported for various Cos-
based ferromagnetic full Heusler compounds and other magnetic materials [171—
175]. The energy dependence of AHC for Co, VAl is also shown in Fig.3.2(c), and
the inset illustrates the zoomed view of the energy dependence of AHC near the

Er.

3.0.4 Triple point fermion in Co,CrGa

Magnetic moments of Co,CrGa are calculated using the first-principles method
and the obtained total magnetic moment is in good agreement with the experi-
mental value[176]. Magnetic moments of Co,CrGa are calculated using the first-
principles method, and transition metal atoms Co and Cr have major contributions
to magnetic moments with pc, = 0.706 pp/fu and pe, = 1.701 pp/fu, respec-
tively. Ga behaves like a non-magnetic atom and the total magnetic moment per
formula unit of this system is 3.019 ug/f.u. The two Co and one Cr atoms con-
tribute 18 and 6 valance electrons, whereas one Ga atom contributes 3 valance
electrons. Therefore, Co,CrGa is expected to have an effective magnetic moment
of approximately 3 ug/f.u. Our calculation suggests that this compound is a half

metallic system and follows the Slater-Pauling (SP) rule with magnetic moment
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FIGURE 3.3: (a) Brillouin Zone (BZ) of CoCrGa. (b) The band structure of
Co2CrGa without SOC. In the inset, we also point out the TPs. (c¢) The band
structure of CooCrGa with SOC. The Weyl points and the gapped nodal lines

are shown by green and blue circles. (d) The Berry curvature along the high
symmetry lines due to the nontrivial crossings.

3.019 pp/f.u The calculated magnetic moment for Co,CrGa is in good agreement

with our experimental investigation.

To understand the topological aspects of the compound the band dispersions are
calculated using plane wave-based pseudopotential [166] in the absence and pres-
ence of SOC. Fig.3.3(b) illustrates several bands crossings that form nodal lines in
the absence of SOC. There are also different kinds of topological nontrivial cross-
ings in the presence of SOC encircled by blue, green, and magenta colors as shown

in Fig.3.3(c) and corresponding to these nontrivial crossings large BC is observed.

In order to further define the class of these nontrivial crossing points the crystal
symmetries are considered. The space group of CoyCrGa is F'm3m (space group
no. 225) and the corresponding BZ with marked high symmetry point is shown in
Fig.7.5(a). This symmetry group contains three mirror planes [167], M, (k,=0),
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FIGURE 3.4: For CoyCrGa with SOC (a) Energy gap, between two crossing

bands at E = -0.045 eV and white line represent gapped out nodal line. (b)

Along the gapped nodal line, the Berry curvature distribution is shown at K,=0
plane.

M, (k,=0), M.(k,=0) and three C, rotation axes in the absence of finite magneti-
zation. These mirror planes protect the gapless nodal lines in the band structure
in k, =0, k, =0, and k, = 0 planes. The presence of SOC along [001] direction
only preserves the mirror symmetry M, = 0 and Cj, rotational symmetry. There-
fore, two nodal lines on the k, = 0, k, = 0 planes are expected to gap out and the
nodal line along the k, = 0 plane should be preserved. The band dispersions in
the presence of SOC are shown in Fig.3.3(c) around the Fermi-energy and the blue
circles along I'-W high symmetry path indicate gapped-out band crossings. Due
to small gaps along the nodal lines, a large berry curvature in the k, = 0 plane is
noticed. Fig.3.4(a) and Fig.3.4(b) exhibit the energy gap and the corresponding
BC in k, = 0 plane. In Fig.3.3(d) corresponding to gapped nodal lines a large

negative BC is observed along the high-symmetry point ['- W.

TABLE 3.2: The Weyl points’ positions, Chern numbers, and the energy relative
to the Ep of CoyCrGa.

Weyl points k. k, k. Chern number | E-Er
Wy 1.080 | -0.0014 | -0.41 -1 -0.10
Wy -1.080 | -0.0077 | 0.41 1 -0.11
Wo -0.004 | 1.0811 0.41 1 -0.06
Wo 0.005 | -1.0815 | -0.4165 -1 -0.04
W3 -0.0139 | -0.9110 | -0.0062 1 -0.01
W3 -0.0100 | 0.910 | -0.014 -1 -0.02

This crystal structure has also high-symmetry axis of the C3, point group which
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FIGURE 3.5: For CosCrGa with SOC normalized Berry curvatures is shown for

Weyl point W; (a) Source type (Wi+) which is indicated by an outward red

arrow from marked black circle (b) Average position of wannier charge centre

corresponding to +1 chern number (c¢) Sink type (W1-) which is indicated by the

inward blue arrow marked black circle (d) Average position of wannier charge
centre corresponding to —1 chern number.

has three-fold rotational symmetry (C3) along the [111] direction. Due to this
symmetry, two-fold degenerate bands are noted as shown in the inset of Fig.3.3(b)
by thick black and dotted green line. The crossing point of this doubly degenerate
band with non-degenerate bands give rise to a pair of triple points [177] in the
absence of SOC and these are indicated as TP1 and TP2, shown in the inset of
Fig.3.3(b). In the presence of SOC along [001] direction TP1 splits out as shown
in the inset of Fig.3.3(c) inside a magenta circle and TP2 splits into a pair of Weyl
points which is shown in the inset of Fig.3.3(c) inside green circle (at -0.08 eV).
To understand the texture of these Weyl points, we calculate the normalized BCs
which indicate the flux at these two opposite chiral Weyl points and their precise
position and topological charges are presented in Table 1. W;+ is the source type
where the flux is along an outward direction as shown in Fig.3.5(a) whereas the
sink type W;—, where the flux is along an inward direction is shown in Fig.3.5(c).
Moreover, we also investigate the average position of the WCC obtained by the

Wilson-loop method applied on a sphere that encloses these two nodes of opposite
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FIGURE 3.6: Normalized Berry curvatures show source and sink type corre-
sponding to Weyls points Wo and Wi.

chirality. It is observed that the average WCC shifts north to south corresponding
to Chern no +1 for W; as shown in Fig.3.5(b) while it shifts south to north
suggesting the chern number of Wy is —1 as shown in Fig.3.5(d). We did a similar
exercise for other Weyl nodes denoted by green circles along the high-symmetry
point I-W. (see Fig.3.6 ), and corresponding to these Weyl points a large BC is

noted.

To calculate the AHC the SOC is considered along the direction of magnetic
polarization [001]. Nearly-degenerate bands near the nodal line in k, =0, k, =0
plane have large BC as shown in Fig.3.4(b) and contribute to the intrinsic AHC.
Fig.3.7 illustrates the energy dependence of the AHC. The giant value (~ 1000
S/cm) of AHC near the gapped nodal line (~ 0.05 eV below the Er) is shown in
Fig.3.7 inside a red circle. This value of AHC is expected to be large due to the
maximum BC value at that point as discussed earlier but at the F'r the AHC value
decreases to 504 S/cm due to the positive value of the BC near the Weyl points

crossing. The experimentally obtained intrinsic AHC is comparable to that of
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the theoretically calculated intrinsic AHC value for this ferromagnetic full Heusler

compound.
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Hydrostatic Pressure-Induced
Anomalous Hall Effect in CooFeSi

Semimetal

4.1 Introduction

In recent years, the field of condensed matter physics has witnessed a burgeoning
interest in three-dimensional topological semimetals (TSMs) exhibiting a symmetry-
protected gapless quantum state which arises from novel physical phenomena and
has many potential applications in device fabrication [178-181]. The TSMs have
linear dispersion near the crossing points they are divided into three types based
on the degeneracy of the band crossing points in the Brillouin zone (BZ). The first
one is zero-dimensional (0D) nodal points, which include Weyl points[178], Dirac
points [182], triple points[183] and other higher degenerate nodal points [184].
The One-dimensional (1D) nodal-line (NL) systems[185] such as nodal rings [186],
nodal chains [187], and nodal nets [187] are of second type. Two-dimensional (2D)

nodal surfaces[188] are the third one.

The 0D nodal point topological systems have been extensively studied due to

their exotic transport properties in the last decade [189, 190], however, 1D NL
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system studies have only recently begun [191, 192]. The search for materials with
significant anomalous transport features has gained popularity recently, particu-
larly for TSMs[193]. The TSMs material is one most promising candidates for
the 1D NL material and some of these like Fe3GeTes,CrBy,CaP3,LnX (Ln=La,
Gd; X=Cl, Br)[194-198] etc exhibits anomalous transport properties which are
visible as a transverse voltage drop caused by a longitudinal current that is, only
caused by the intrinsic spin-orbit coupling (SOC) and magnetism. The origin of
anomalous transport in these materials can arise due to two mechanisms: first,
the intrinsic mechanism in which the finite Berry curvature (BC) contributes to
anomalous transport properties and the second is the extrinsic mechanism, in-
cludes the side jump[199] and skew scattering[200] contribution both of which
come from spin-orbit mediated electron scattering off the disorder. The intrinsic
property is independent of disorder details and depends solely on the topology of
the electronic band structure [201-203]. In fact, a large number of ferromagnetic
[204-207] and antiferromagnetic materials [208-210] show large intrinsic anoma-
lous Hall conductivity (AHC) and such anomalous behavior is contributed due to
the emergence of large BC in momentum space [204, 205, 211, 212]. However, the
large AHC materials like Heusler ferromagnets Co,MnGa[206, 213] and CopaMnAl

[207] have the conductivities order of 10* S/cm and are of intrinsic origin.

The family of Heusler compounds is considerably large comprising more than 1,000
members and can display paramagnetic, ferromagnetic, and antiferromagnetic
properties and fascinating anomalous electric, thermal, and thermoelectric trans-
port properties [214]. The AHC has been reported to be intrinsic in several Heusler
compounds such as Co,CrGa, Coy VAL, CosFeGe,CooMnGa|185, 206, 213, 215, 216].
The major challenge in these compounds is to design Heusler compounds with
large anomalous transport properties and their tunability of intrinsic anomalous
behavior i.e. going from a low to high AHC. Another challenge is to understand
the suitable parameters like applying the pressure and doping of the compound
to tune from dominant extrinsic to intrinsic transport properties in Heusler. The

intrinsic mechanism is related to BC near the NL and the spin-orbit interaction
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FIGURE 4.1: (a) The CogFeSi crystal structure features three distinct mirror

planes where red, green, and blue balls represent Co, Fe, and Si respectively.

(b) The total density of states (DOS) of CogFeSi without Hubbard U (WOU)

exhibits semi-metallic characteristics. (c) The total DOS of CogFeSi with Hub-

bard U (WU) exhibits a half-metallic nature. The blue and red curves denote
the total DOS for the majority and minority spins, respectively.

helps to open a tiny gap near the gapless line [193, 216]. The intrinsic mecha-
nism strongly depends on the energy offset of the NL from the Fermi level (Er)
(194, 217]. Therefore, it is necessary to find either a material that has NL near
Er or away from it such as in some of the Heusler compounds. In the case of
Heusler compounds Fr or NL can be easily shifted through hydrostatic pressure

or doping.

In this chapter!, our ab-initio density functional theory (DFT) calculation notes
that there is NL crossing at 0.1 eV above the Er of the electronic structure of
CogFeSi. The DFT calculation without Hubbard U of this material suggests the
semimetallic properties with a non-integer magnetic moment which are contradic-
tory to the experimental observation of integer magnetic moment and half-metallic
behavior. We also show that a finite Hubbard U is required to fix these discrep-
ancies, but it shifts the NL crossing point to 0.4 eV above Er and opens a gap in
the minority spin channel. We also investigate the effect of hydrostatic pressure
on the NL location and show that it shifts towards the Er, and altering the AHC
from extrinsic to intrinsic. A thorough analysis of the NL symmetry-breaking
mechanism is provided in the presence of SOC with magnetization along [001] di-
rection. We also analyze the symmetry-protected Weyl nodes and their chirality.
Moreover, the NL is situated at Ep at 26 GPa, creating a large AHC.

!This chapter is based ”Hydrostatic Pressure-Induced Anomalous Hall Effect in Co 2 FeSi
Semimetal” - J. Sau*, D.Sa,and M. Kumar, Electron.Struct.6 015008 (2024)
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FIGURE 4.2: (a) The band structure of CosFeSi without Hubbard U (WOU).
(b)The band structure of CooFeSi with Hubbard U (WU), where the crossing
point has been shifted to 0.38 eV above the Ep.

4.2 Methods

We theoretically investigate the electronic band structure of the real materials
employing the ab initio DFT calculation and for this, we employ the VASP package
[218] with a plane-wave basis set and pseudopotentials. The cutoff energy of
the plane waves is 600 eV and the exchange-correlation potential is described in
the generalized-gradient approximation (GGA+U) [219]. The integration in k-
space are carried out on a 13 x13x13 grid. All structures are relaxed until forces
smaller than 0.001 eV/ A. Previous studies suggest that full Heusler compounds
with moderate magnetic moments require GGA4+U DFT calculations to explain
the experimental results [220, 221]. Therefore, we use a similar numerical approach
to study the magnetic and transport properties of the full Heusler compound
CogFeSi. In the next step we extract Wannier functions from the DFT band
structure via the WANNIERI0 package [222, 223]. The initial projections are
chosen as s and d orbitals of Co and Fe and s and p orbitals of Si. From the
Wannier functions we construct a tight-binding Hamiltonian H to calculate the

BC in the system via the Kubo formula using Wanniertools[224].

4.3 Materials characterization and Magnetism

The crystal structure of CoyFeSi is of the Heusler type which is a ternary in-

termetallic compound consisting of three metallic elements arranged in a specific
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crystal structure. It has a cubic structure that belongs to the space group Fm3m
(space group no. 225) with a lattice parameter of ag=5.64A[225]. Our optimized
structure obtained using ab initio calculations is consistent with experimentally
found crystal structure. The Co and Fe atoms occupy the face-centered cubic (fcc)
sublattice while the Si atoms occupy the body-centered cubic (bce) sublattice. The
Co and Fe atoms are partially ordered on the fcc sublattice, forming a B2-type
structure while the Si atoms occupy the interstitial sites. The unit cell of CoyFeSi
contains 32 atoms with the atomic positions given as follows: Co at (0,0,0), Fe at

(0.5,0.5,0), and Si at (0.25,0.25,0.25) as shown in Fig.4.1(a).

The ab initio calculation suggests that CosFeSi is a typical ferromagnet with a
magnetic moment of 5.35 pup/f.u. However, this value contradicts with the ex-
perimentally found magnetic moment 6.0 pp/f.u [225] and it is observed to be a
half-metallic system. These discrepancies may arise because DFT underestimates
the electronic correlation due to higher charge fluctuations. To account for the
electronic correlation underestimate, we employ the effective Coulomb-exchange
interaction U.rs (U-J), where U and J are the Coulomb and exchange parameters,
respectively. It is noticed that a magnetic moment of 6.0 pup/f.u is achieved by
taking values of U.r;=4 eV for Co and 3.5 eV for Fe. The introduction of Ugs;’s
have two consequences: the first one is DOS at Er is suppressed creating a gap
in the minority spin channel as shown in Fig.4.1(b) and (c) and the second one
is a finite shift in the minority spin band, making double occupancy energetically
expensive. The up spin occupancy is favored by the Hunds coupling but placing
a down electron in the same orbit will need more energy at finite U.ss. The fi-
nite shift in the energy dispersion due to finite U is shown in Fig.4.2(a) and (b).
According to the Slater-Pauling (SP) rule[226] the magnetization and the num-
ber of valence electrons can be related as M = Z — 2N+ [226, 227] and for full
Heusler half-metal N* is 12 and M =6 pp/fu. We notice that our calculations
give N+ =12.325 in absence U and 12.008 for finite U. The finite U makes the
system half metallic and the calculated magnetic moment is consistent with the

experimentally observed value [225].
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FIGURE 4.3: (a) The band structure of CozFeSi without SOC, with the nodal

point above 0.38¢V from the Er indicated by the black circle. (b) The band

structure of CogFeSi with SOC, with black circles denoting the gapped nodal

lines. (c) The first bulk Brillouin Zone (BZ) of CosFeSi.High symmetry points

are highlighted. (d) Energy (E-Er) dependency of the AHC for CogFeSi, where

the position of the gapped nodal line is indicated by the black circle. (at 0.38
eV of Energy).

4.4 Band topology

The electronic band dispersion is calculated using a plane wave-based pseudopo-
tential in the presence and absence of SOC to understand the topological feature
of the material and the Brillouin zone of the fcc lattice shown in Fig.4.3(c). The
magnetization axis of the Co and Fe spins are set parallel to the z-axis [001]. The
CooFeSi band structure along the high-symmetry paths of the BZ are depicted
in Fig.4.3(a),(b) which shows the band structures without and with the SOC re-
spectively. The blue and red curves represent the majority and minority bands
and d orbitals of Co have a major contribution to the band near the Eg, and
some of these bands have a small contribution from Fe d-orbitals. Linear band

crossing points are observed along the I'-W; and I'-X high-symmetry points and
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FIGURE 4.4: The band structure of CosFeSi with Hubbard U under various
pressures in the absence of SOC. The nodal point is represented by black circles.
(a) At P=0 GPa, the nodal point is 0.38 eV away from the Fr Whereas the green
colour indicates that the ¢29 orbital of Co is mostly responsible for extremely
dispersive bands, the magenta colour indicates that flat bands are primarily
contributed by the e, orbital of Co. (b) At P=11 GPa, the nodal point is 0.25
eV above the Er . (¢) At P=26 GPa, the nodal point is located near the Ep.

these points are shown inside black circles. These points are approximately 0.38
eV above the Er and form the NL-like band structure in the first BZ. The details

of NL is analyzed in sec.4.5.

In 3d elements, the SOC has finite value and it plays an important role in transport
properties, therefore we also calculate the electronic band structure in the presence
of the SOC. In the presence of finite SOC, the spin and its S* component are no
longer conserved quantum numbers therefore, the spin-up and spin-down energy
bands cannot be differentiated individually. The mixing of the spin-up and down

bands breaks the degeneracy of the crossing point and opens a tiny gap as shown

in Fig.4.3(b).

The experimental observation of the AHC of this material is shown to be mostly
contributed from the extrinsic mechanism [225] and this is consistent with our
calculations which show the presence of NL 0.38 eV above the Fr. We also ex-
plicitly calculate the intrinsic AHC as a function of Er and notice that the value
of AHC is close to zero at Ep as shown in Fig.4.3(d). In order to investigate the
temperature-dependent anomalous Hall effect in CooFeSi, Mort et al. also noticed
an extrinsic mechanism by observing skew scattering[228] at magnons. The value
of AHC peaks at 0.38 ¢V above the Ep in Fig.4.3(d). This is expected due to the
presence of the NL. There are two ways to achieve high AHC either by chemical
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FIGURE 4.5: (a)The band structure of CozFeSi with SOC. black circles repre-
sent the gapped nodal line (b) The BC (2,) at the nontrivial crossings along
the high symmetry lines.

doping (doping electrons) to fill the band up to crossing points or by applying the

pressure to bring down these crossing points near the Ep.

In this work, hydrostatic pressure is applied to explore the shift of the NL (the
crossing points) towards the Fr. We notice that on increasing the pressure the
minority spin DOS increases at the Er, the half-metallic properties of the system
are lost and the nodal point shifts towards the Er as shown in Fig.4.4 (a),(b)and(c).
By performing a fat band calculation, we can also determine the contribution of the
d-orbitals to the electronic band structure. As can be seen in the inset of Fig.4.4
(a), the highly dispersive bands are primarily contributed by the 29 (d®¥,d¥*,d*?)
orbitals of Co by the green filled circle, while the weakly dispersive flat bands are
primarily contributed by the e, ( d*, d**~¥") orbital of Co, as indicated by the
magenta filled circle. A sharp peak in the DOS corresponds to the flat band shown
in Fig.4.1(c). The band dispersion corresponding to the three pressures P = 0,
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FIGURE 4.6: (a)Energy gap between two intersecting bands in the vicinity of
Er on the k;-k, plane, where the black rectangular closed line denotes the
nodal line. (b)The nodal line is gapped out in the k,-k, plane, and the gap is
represented by a white line. (¢) The BC distribution is displayed in the k,-k,
plane along the gapped nodal line. (d)For CogFeSi with SOC normalized BC is
shown for Weyl point Wy Source type (W1+) which is indicated by the outward
red arrow from the marked black circle; Average position of wannier charge
centre corresponding to +1 chern number (e) Normalized BC behaves as Sink
type (W1-) which is indicated by the inward blue arrow marked black circle;
Average position of wannier charge center corresponding to —1 chern number.
(f) Energy (E-Er ) dependence of the AHC For CogFeSi

11, and 26 GPa are shown in Fig.4.4(a),(b), and(c) and the crossing points shift

towards Ep are also shown in Fig.4.4(c).

TABLE 4.1: Lattice parameter of CosFeSi crystal at different pressure.

Pressure(Gpa) | a=b=c(A) ‘ a = =+ (degree)

0 5.64 90
11 2.38 90
26 5.40 90

The application of the hydrostatic pressure changes the volume of the material
and we change the lattice parameter ao from 5.64 A to 5.40 A as shown in Table
4.1. Previous study on the Heusler compound indicates that the compound is
stable at high pressure[229-231]. Due to a decrease in the volume of the unit-cell
atoms come close together and have a larger overlap between the atomic orbitals.
We have also studied the Bader charge analysis to demonstrate how hydrostatic

pressure alters atomic volume and influences charge transfer.
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TABLE 4.2: Charge and Atomic volume of different atoms at P=0 Gpa of
CogFeSi.

Atom | Charge ‘ Atomic Volume

Co 9.3193 11.5261
Co 9.3211 11.5335
Fe 7.5020 10.0353
Si 3.8574 12.1873

TABLE 4.3: Charge and Atomic volume of different atoms at P = 26 Gpa of
CooFeSi.

Atom | Charge ‘ Atomic Volume

Co 9.5939 9.5960
Co 9.5905 9.5864
Fe 7.4964 7.8526
Si 3.3190 8.2256

The approximate minimum and maximum energy band dispersion can be written
as By, =~ E, £2Z, <t >, where a and o are orbital and spin index and Z,
is coordination number of « type orbital. According to the analysis of the tight-
binding parameter obtained from Wannierization, for P=26 GPa the magnitude of
hopping parameters are increased by approximately 50% (from 0.6 eV to 1.1 eV)
while pressure squeezes the unit cell and it also increases the energy of the system,
i.e the effective site energy of the system. Due to large Hund’s interaction, the
Eq+ has a lower energy than the E, | and when pressure is applied, the E, + and
E, change by around 27 % and 35 % respectively, i.e E, | of the Co band shift
more as compared to E, ;. Therefore, the minority energy band (red) decreases
more than the majority bands (blue) and the minority energy band has a lower
degree of dispersion than the majority energy band as shown in Fig.4.4. Thus
the interplay of enhancement of magnitude of the hopping parameter and relative
change in the site energy E, | and E, 1 lead to a shift of the band crossing point

near to the Ep.

In the presence of SOC at P = 26 GPa, we notice that the degeneracy of the
crossing points is broken at Er as shown in Fig.4.5(a). We also calculate the z-

component of BC along the high-symmetry path and noticed that there are sharp
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peaks of BC along the I'-W; and I'-X directions and negligible BC in the other
directions which are shown in Fig.4.5(b). As a result, the BC distribution that
surrounds the Fermi surface has a significant impact on the conduction electrons

for our system, which we will examine extensively in sec.4.6.

TABLE 4.4: The Weyl points’ positions, Chern numbers, and the energy relative
to the Er of CogFeSi.

Weyl points ko k, k. Chern number | E-Efr
Wy 0.000 | 0.440 | 0.030 -1 0.000
Wi 0.000 | 0.420 | 0.155 +1 -0.050
Wy -0.004 | 1.081 | 0.410 +1 0.062
Wy 0.005 | -1.081 | -0.416 -1 0.040
W3 -0.013 | -0.911 | -0.006 +1 0.012
W3 -0.010 | 0.910 | -0.014 -1 0.021

4.5 Nodal Line and Berry curvature distribution

CosFeSi crystallizes in fcc lattice with the space group Fm3m and experimental
magnetic measurements establish the half-metallic ferromagnetic nature of the
ground state. The relevant symmetries in this system are the three mirror planes
M, (k,=0), M, (k,=0), M, (k,=0), and three C, rotation axes[217, 232] are k,, k,
and k., as shown in Fig.7.1(a). We present the results keeping the magnetization
axis along the (001) in the presence of SOC. Only the M, (k.=0) mirror symmetry
and the C,4, rotational symmetry are preserved in the presence of a finite value of
SOC, therefore, only the nodal line on the k, = 0 plane will survive [232]. The
other two NL on the k, = 0 and k, = 0 planes, on the other hand, are gapped out

due to broken mirror symmetries.

The energy gaps are calculated in the first BZ in the presence of SOC shown in
Fig.4.6(a) and Fig.4.6(b) for the k,=0 and k,=0 plane respectively. The persis-
tence of mirror symmetries in the k,=0 plane prevents the nodal line from gapping
out, as shown in Fig.4.6(a). In the k,=0 plane, NL opens a small gap (white re-
gion) except for some of the gapless weyl points as shown in Fig.4.6(b). There is

a significant BC in the k,=0 planes because of gapped NL. The distribution of
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BC in the k,=0 plane is depicted in Fig.4.6(c). Notably, these Weyl points are
obtained from the NLs since at some k-points the NLs do not break out. Some
of the Weyl points lie far from the Er in the same plane and have finite BC, but
their contribution to the AHC is small. Similar effects have also been observed in

the k,=0 plane as well.

The coordinates in k and energy E-Er space of the Weyl points are listed in Table
4.4 along with their Chern numbers. The normalized BC corresponding to Weyl
points in k, = 0 plane is calculated to verify its existence as shown in Fig.4.6(d)
and (c). We observe that BC is produced by the Weyl point with chirality +
1 as a source (outward flux in Fig.4.6(d)) and by the Weyl point with chirality
-1 as a sink (inward flux in Fig.4.6(e)). High chern no additionally appear in
multi-component systems[233-235]. We have also seen high chern nodes in our
system. The Weyl charge centers (WCC) are calculated to verify the chirality of
weyl points. Additionally, we also look into the Wilson-loop method for average
WCC position as it is applied to a sphere that has these two nodes of opposing
chirality. The inset of Fig.4.6(d) illustrates the average WCC shifting from north
to south when the Chern number of W1 is positive, while the inset of Fig.4.6(e)
illustrates the average WCC shifting from north to south when the Chern number
of W1 is negative. We also carried out the same exercise for the other Weyl
nodes. The major fraction of the AHC in the system is contributed by large
BC near the gapped NLs. For this, we used Eq.3.1 and Eq.3.2 to calculate the
AHC by integrating the Berry curvature of all occupied dispersion bands. The
underlying space group with the magnetization along [001] direction contains the
4001 symmetry operation. Considering the symmetry properties of the BC shown
in Eq.4.1 and summation of these 2s over the BZ gives zero for x and y component

due to their antisymmetric nature, and €2, sum has non-zero value [236]

_Qz<kx7 ky7 kz) = Qm(_kma _ky7 kz)
—Qy (ks  ky k) = Qy(—ky, —ky, k) (4.1)
Qz(kxa ky; kz) = Qz(_kma _kya kz)
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4.6 Anomalous Hall effect

We notice that nearly degenerate bands close to the nodal line in the k,=0 plane
have large BC as shown in Fig.4.6(c) and contribute to the intrinsic AHC. Giant
anomalous transport behavior may be caused by the large BC. To determine the
AHC, we integrated the BC of the bands that were occupied across the entire BZ
[Eq.3.1 and Eq.3.2]. Intrinsic AHC is calculated on a 301 x 301 x 301 k grid using
maximally localized Wannier orbitals. The AHC have only z-component o finite
and the contribution of the x and y components o vanish due to the odd nature
of the BC. Fig.4.6(f) depicts the variation of AHC with Fermi energy. At the
Fermi energy, we observed a giant intrinsic AHC (o), which is about 1143 S/cm.
The AHC value is comparable to the largest AHC observed in the CooMnGa [237]
and much larger than the other compounds of the Heusler family [215, 238-240].

4.7 Summary

We theoretically study the magnetic and anomalous transport properties of CosFeSi,
a Heusler compound using the ab-initio DF'T calculations. In the electronic struc-
ture, three NLs arise due to the mirror symmetries in the Frn3m (space group no.
225) group of the material and NL gaps out along the direction of magnetization
in the presence of SOC. The degeneracy at some of the k points remains intact

and these points are Weyl points with specific Chern numbers.

We also observed the emergence of a substantial BC near the gapped NL, resulting
in a significant AHC in our Heusler compound, particularly when the NLs are
precisely positioned at or slightly below the Fr. In order to properly account for
the magnetic and other electronic features, DFT+U calculations were essential.
As a result, we found that the NL crossing point is moved at an energy level
of 0.38 eV above Epr.Consequently, the AHC exhibited negligible contributions
from the topological properties or NLs of the system, aligning with experimentally

observed AHC properties [225]. To shift the NL positions closer to Er, we applied
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hydrostatic pressure to the material and studied the resulting changes in electronic
properties. Intriguingly, at a pressure of 26 GPa, the NLs shifted to coincide with
Ep, resulting in CoFeSi displaying a remarkable giant AHC (o2 = 1143 S/cm ),
thereby transforming the system into an intrinsic topological metal. In conclusion,
the mirror symmetries in this magnetic material with finite SOC play an important
role in the emergence of NLs and Weyl points, and the finite hydrostatic pressure
is crucial in tuning the position of NL near the Er to have large intrinsic AHC

which is an essential quality of a material for device applications.
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Flat band separation featuring a
robust spin Hall Effect with
nontrivial band topology in the
presence of finite correlation in

bilayer kagome

5.1 INTRODUCTION

The kagome lattice consisting of the vertices and edges of the trihexagonal tiling
pattern, leads to geometrical frustration due to its corner-sharing triangles, mak-
ing magnets composed of transition elements on this lattice captivating for their
tendency to display correlated topological band structures [240-245]. The topolog-
ically protected quantum states found in strongly correlated systems, particularly
on non-trivial geometries like the kagome lattice, hold significant promise for ex-
ploring exotic quantum phases[246, 247], with applications in diverse quantum

technologies[167, 248-260]. The electronic band structure of the Kagome lattice

84
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shows the destructive interference of Bloch wave functions which results in non-
dispersive flat bands (FB)[244, 260-262], Dirac cone at high symmetry point K
263, 264] and van Hove singularity (VHS) at M point[265]. The instabilities near
the flat band states have the potential to induce emergent novel phenomena, in-
cluding ferromagnetism, high-temperature superconductivity, and the fractional

quantum Hall effect[259, 266-271].

In recent decades, theoretical research in condensed matter systems has paid sig-
nificant attention to the development of model Hamiltonians [272, 273]that de-
scribe the electronic structure of Kagome lattice in order to understand the emer-
gence of these novel phases[274-276]. The spinless Haldane model is one of the
most commonly employed models to understand the behavior of electronic struc-
ture in kagome lattices which incorporates spin-orbit coupling (SOC) and out-
of-plane ferromagnetism [256]. It predicts the emergence of chern gap at Dirac
points (DP)[243, 254], a phenomenon observed in various Kagome magnets. Re-
cent experimental findings have corroborated the theoretical predictions, reveal-
ing spin-polarized Dirac cones with spin-orbit coupling-induced gaps in single-
layer two-dimensional (2D) kagome materials such as Fe3Sny[243, 277, 278] and
Co3Sn552[240, 279-281], as well as the manifestation of anomalous Hall effects in

compounds such as MngSn and Mn3Ge[282, 283] due to gigantic Berry curvature.

It is possible to envisage layer stacking of 2D Kagome materials forming bilayer
three-dimensional (3D) Kagome materials. The AMngSng(A=Li,Mg,Ca) family is
such a set of bilayer 3D Kagome materials that have recently attracted considerable
interest due to the exhibition of many interesting electronic properties like the
presence of Chern-gapped Dirac fermions in ThMngSng, which also demonstrates a
ferrimagnetic order perpendicular to the kagome lattice plane. YMngSng [238, 284—
286] exhibits an intriguing topological Hall effect near room temperature. However,
the intriguing property of the emergence of the flat band is either not observed
(Fe3Sna, Co3SnaSy)[245, 250, 277] or far away from Ep (FeSn)[244]. The VHS and
flat bands found in previously studied Mn-, Fe-, and Co-based kagome metals are
typically situated far from the Fermi energy (Er) in energy space. Unlike the model

kagome lattice, the dispersion of the flat band in kagome compounds is modified
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by additional factors, such as in-plane next-nearest-neighbour hopping, interlayer
coupling, and multiple orbital degrees of freedom of transition metals. In the case
of the rare-earth based AMngSng or related systems, atoms of the rare earth sit
close to the Mn-Kagome layer and therefore influence the electronic band structure
significantly [287]. Therefore, the experimental realization of the Kagome flat band
requires careful and systematic material design. These complexities along with the
interplay between electron correlation and topological features, pose challenges in
detecting the FBs, saddle points, and Dirac fermions near the Fermi level (Er) in

magnetic Kagome systems.

In this chapter!, we examine the bilayer 3D Kagome material MgMngSng consisting
of two Kagome Mn single layers sandwiching the MgSn layer where non-magnetic
Mg atom sits in the Sn plane and does not interact with Mn Kagome electrons. We
notice from our minimal multiband Hubbard model that Sn atoms play a crucial
role in determining the nature of magnetic exchange in the Mn layer. We use ab
initio density functional theory (DFT) calculations to explore the electronic prop-
erties of MgMngSng. The energy band structure of this system shows interesting
properties: first, the Dirac point is located at the Brillouin zone (BZ) corner and
just below the Er. Second, at the K, = 0 plane, there is a nodal line which open a
narrow gap in the presence of SOC which also generates finite intrinsic Berry cur-
vature along this line. It exhibits an intrinsic anomalous Hall effect (AHE) due to
the non-trivial band topology, with an anomalous Hall conductivity afy reaching
a significant value of 500 S/cm. Another intriguing observation is the opening of
a gap at the touching point of the quadratic band, emerging from the Dirac band,
and flat bands in the presence of SOC. The nontrivial topology of the gapped-out
flat band results in a finite spin Hall conductivity (SHC) and this is confirmed by
calculating the Z, index. We also perform dynamical mean field theory (DMFT)
calculations to include the effects of electronic correlations in the system and show

that Curie temperature T, ~ 300 K is consistent with the experiment.

IThis chapter is based on "Flat band separation featuring a robust spin Hall Effect with
nontrivial band topology in the presence of finite correlation in bilayer kagome metal” - J.Sau*,
H.Banerjee, S.Saha, N.Kumar, and M.Kumar
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FIGURE 5.1: (a) structure of kagome lattice and a quenched eigenstate induced

by destructive interference. (b) The band structure of electronic kagome lattice

without SOC, with NN interaction dominating the in-plane hopping process.

(c)The kagome metal’s three-fold (Cs.) rotation-axis symmetries are when the
two kagome layers sandwich the hexagonal Sn layer.

5.2 Crystal Structure

We first describe the crystal structure of the chosen material MgMngSng. The
Kagome compound MgMngSng possesses a hexagonal structure, falling within the
space group P6/mmm, with lattice parameters of a = b = 5.517 A and ¢ = 9.032
A. Tt comprises of double Mn Kagome lattice layers parallel to the ab plane, with

a honeycomb lattice of Sn atoms.

Computational Details

DFT Calculations: Our computational approach utilized the Vienna ab initio
simulation package code, employing density functional theory (DFT). The gener-
alized gradient approximation (GGA) was employed to approximate the exchange-
correlation functional. We conducted first-principles calculations incorporating an
effective Coulomb-exchange interaction U.s; (U-J), where U and J represent the
Coulomb and exchange parameters, respectively. To address the high electronic
correlation effect of the Mn 3d electrons, we included an onsite Coulomb inter-
action parametrized with a Hubbard U.sy = 3.0 eV [288]. The cutoff energy for
expanding the wave functions into the plane-wave basis remained constant at 550
eV throughout the project. We utilized the Monkhorst-Pack scheme to sample the

Brillouin zone in k-space for computations. The equilibrium structure served as
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the basis for the k-mesh, which was set at 10x10x6. The intrinsic Hall conductiv-

int

zy) was computed by integrating the z-component of Berry curvature (€27)

ity (o
over all occupied states across the Brillouin zone, with spin-orbit coupling (SOC)

taken into account.

DFT+DMEFT Calculations: For our DFT4+DMFT calculations we are using
the full-potential augmented plane-wave basis as implemented in the WIEN2K code
package.[289] For the WIEN2K calculations, we used the largest possible muffin-
tin radii, and the basis set plane-wave cutoff was defined by Ry, Kmax = 10,
where R, is the muffin-tin radius of the O atoms. The consistency between
the VASP and WIEN2K results has always been cross-checked. DMFT calcula-
tions were performed using the TRIQS/DFTTools package [290-292] based on
the TRIQS libraries[293]. Projective Wannier functions as implemented in the
DMFTPROJ module of TRIQS were employed to crosscheck the results and also
to calculate the initial occupancy of the correlated orbitals. All five Mn d or-
bitals have been taken into account in the correlated subspace. A projection
window of —12eV to +20eV was chosen to take into account any hybridisation
and charge transfer effects. The Anderson impurity model constructed by map-
ping the many-body lattice problem to a local problem of an impurity interacting
with a bath was solved using the continuous-time quantum Monte Carlo algorithm
in the hybridization expansion (CT-HYB)[294] as implemented in the TRIQS/C-
THYB package[295]. For each DMFT step, 1280000 cycles of warmup steps and
128000000 cycles of measures were performed for the quantum Monte Carlo calcu-
lations. We performed one-shot DFT+DMEFT calculations, using a fully localised
limit (FLL) type double-counting correction[296]. We use a fully rotationally-
invariant Kanamori Hamiltonian parametrised by Hubbard U and Hund’s coupling
Jr, where we set the intraorbital interaction to U’ = U — 2Jg. For our DMFT
calculations, we used U value of 6eV and Jy = 0.5eV. The choice of U and J
for DMFT calculations has been motivated by previous studies on Manganites
excellent agreement between DMFT and experimental ARPES band structure, as
well as band gaps, and Ty have been demonstrated for a similar range of U and

Jg values as well as prediction of experimental properties driven by correlations.
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FIGURE 5.2: (a) The band structures, excluding spin-orbit coupling (SOC),
depict majority and minority spin carriers with red and blue curves, respectively.
Notable features such as the flat band (FB1), Dirac points (DP1 and DP2),
saddle points (SP1), and Weyl points are denoted by maroon, magenta, green,
and orange circles, respectively. (b) The DOS of different d-orbitals of the Mn
atom displays a metallic character. The peak in the Minority dos is attributed
to FB1, FB2, and SP. (c),(d) Figure showing DMFT bands at 8=150eV~! for
the K path M-K-I'-K-M. This figure shows the effect of incoherent scattering
due to dynamic correlation effects at finite temperature on the band structure
in the spin-polarised state while maintaining the same features of the bands as
observed with 0K DFT.

[297-299] Real-frequency spectra and real-frequency self-energy for band structure
have been obtained using the maximum-entropy method of analytic continuation

as implemented in the TRIQS/MAXENT application.[300]

5.3 Ab initio Electronic Structure

The electronic band structure of a single-orbital kagome lattice (see Fig.5.1(a)) in

the tight binding paradigm is initially explored, as illustrated in Fig.5.1(b). In this
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FIGURE 5.3: (a)Mn, Sn, and Mg’s projected orbital contributions to the band

dispersion in MgMngSng. (b) Projected d-orbital contribution of Mn in the

band dispersion in MgMngSng. (¢)The total DOS of MgMngSng is represented

by the black curve, and the dos of Mn-d and Sn-p are represented by the red

and blue curves, respectively. (d) P-type and m-type VHS at the M point for
MgMngSng

limit, the flat band emerges alongside a pair of Dirac cones and VHS which arise
due to the fact that the honeycomb lattice and the Dirac points are protected by
lattice symmetry [263—-265]. The flat band arises due to the destructive interference
of electron wavefunction and the phase of the wavefunction at different atoms at

the hexagons as shown in Fig.5.1(a) [301].

MgMngSng is a more complex system where the honeycomb Sn layer is sandwiched
between two Kagome layers, ensuring that all relevant symmetries are preserved,
as depicted in Fig.5.1(c) and this requires a first principles approach for the cal-
culation. Let us then analyze the electronic band dispersion of our system where
the spin-up and -down bands are shown in blue and red colour (see Fig.5.2(a)) as
obtained from PBE+U calculations. These bands exhibit linear crossings points
near the Fermi energy (Er) without SOC and it is shown in K,=0 plane along
[-M-K-T-K-M, illustrated in Fig.5.2(a).
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The first striking feature in the band structure is the presence of Dirac cones
with linear dispersion that are observed at the corner points K and K’ of the
Brillouin zone, owing to the protection provided by two-fold and three-fold rota-
tional symmetries (Csy, and Cs,, respectively) of the Kagome layer, as depicted in
Fig.5.1(c). The magenta circle in Fig.5.2(a) highlights the location of the band’s
Dirac pointl (DP1) at the K point, situated approximately 0.25 eV below Eg.
Orbital-projection band calculations indicate that the Dirac point primarily origi-
nates from the out-of-plane Mn d,» orbital (magenta), as illustrated in Fig.5.3(b).
Another linearly dispersing Dirac point 2 (DP2), indicative of the band structure
arising from the kagome lattice, is identified at the K point, situated approximately
0.19 eV above Ep, created by the Mn atom’s d.2 and d,2_,2 orbitals. Furthermore,
we have illustrated the constant energy contours at DP1 and DP2, revealing the
distinctive hexagonal symmetry of the kagome lattice. Additionally, a circular
electron pocket is identified near the center of the Brillouin zone (I"), as depicted

in Fig.5.4.

Next, we observe in Fig.5.2(a) a degenerate crossing point positioned below the Ep,
marked by an orange circle, which is identified as a Weyl point. Further detailed
analysis of this observation is provided in Sec.5.6. Additionally, a linear band
crossing point is noted along the high-symmetry M-K direction at the Er, denoted
by a black circle in Fig.5.2(a), which forms the nodal-line-like band structure in
momentum space. Sec.5.6 will provide a specific analysis of these nodal lines in

more detail.

We also observe the presence of VHS in the energy dispersion of the tight-binding
model on the Kagome lattice, as illustrated in Fig.5.1(b). In MgMngSng exhibits
two types of VHS with opposite concavities: the m-type VHS which demonstrates
an upward energy shift as the band approaches the M point and the p-type VHS
which exhibits a downward energy shift as the band approaches the M point as
shown in Fig.5.3(d). Additionally, this VHS phenomenon signifies a divergence in
the density of states (DOS), as illustrated in Fig.5.2(b).
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" (b)

FIGURE 5.4: a) Constant energy contour (CEC) at K, = 0 plane estimated by
DFT at DP1 (b) Constant energy contour (CEC) at K, = 0 plane estimated by
DFT at DP2

Finally, the most important observation in the band structure of MgMngSng is
the flat band(FB) which has d,, and d,, orbital character of Mn atoms. This FB
feature appears along the I' — K direction at 0.04 eV below Er. The dispersion
of the FB in this material may be influenced by many factors beyond spin-orbit
coupling, such as in-plane next-nearest-neighbor hopping, interlayer coupling, or

multiple orbital degrees of freedom as discussed in Sec.5.4.

Next, we move on to analyze the partial density of states (PDOS) of Mn atoms near
the Er and notice that the major contribution to the DOS comes from d-orbitals
of the Mn as shown in Fig.5.2(b). The peak in the DOS in the minority spin
channel marked by the black circle ( Fig.5.2(b)), confirms that the Mn minority
spin channels are responsible for the formation of FB. At the I point, a quadratic
band (QB) emerges from the Dirac band (DP2) and touches the FB, as depicted
in Fig.5.2(a). This touching point remains robust against perturbations except
for SOC. Further details on the tight-binding calculation can be found in Sec.5.4.
Both the flat band and the quadratic band are primarily composed of d,./d,.
orbitals of Mn, as illustrated in Fig.5.3(b).

Further investigation of the robustness of this touching point requires exploration
of the impact of dynamic correlations and finite temperature effects on the band

dispersion which are completely missed by standard DFT+U calculations. We
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have conducted this analysis by DFT+DMFT calculations. In contrast to DF'T+U
which represents a static correlation energy correction without frequency depen-
dence DFT+DMFT includes both static and dynamic correlation effects within
the frequency dependent self energies. Utilizing continuous-time Quantum Monte
Carlo (QMC) solvers within hybridization expansion, we simulate the influence of
temperature. We observe the effect of dynamic correlations through the finite fre-
quency self-energy and utilize this self-energy to compute momentum- and energy-
resolved correlated spectral functions, as illustrated in Fig.5.2(c),(d). These spec-
tral functions represent a DMFT band structure incorporating both correlation
effects from the self-energy and finite temperature effects, providing a direct com-
parison with ARPES. Additionally, we simulate the ARPES band structure of the
bulk material, which directly corresponds to the observations with DFT+U. We
find a significant impact of electron scattering on the band structure, as expected
at finite temperatures. This scattering predominantly exhibits incoherent scatter-
ing characteristics, evident from the large values of Im ¥ for w — 0 (frequency
(w)-dependent dynamic self-energy). This behavior aligns with previous findings
in near half-filled manganites [298] and other strongly correlated materials [302].
While dynamic correlations and finite temperature effects introduce some mass

renormalization, the features observed at 0K remain preserved.

5.4 Tight-binding model

We consider nearest and next-nearest neighbor hopping on a kagome lattice with

spin-orbit interactions, represented by the following Hamiltonian:

H = —tl Z C;TUC]'O + Z)\l Z (EZJ X Rz]) . O'aﬂc;facjﬁ
(i,j)o (i,5)ap

—19 Z C;-rong + Z)\Q Z (E” X Rz]) . O'QIBC;[O[CJ‘B
((i.5))o ((B:3))aB

(5.1)

.I.

where ¢, creates an electron with spin o on the site r; on the kagome lattice. Here

(1,7) denotes nearest neighbors and ((i, j)) next-nearest neighbors. The second
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and fourth terms describe spin-orbit interactions which preserve time-reversal in-
variance. R;; is the distance vector between sites ¢ and j and E;; the electric field

from neighboring ions experienced along R;;.

We first study just nearest-neighbor hopping so to = Ay = 0. In momentum space,

Eq.5.1 becomes

0 cosk; cosks 0 cosk; —cosky
H(k) = —2t1 | cosk, 0 cosks | 2\ | —cosk 0 cos ks
cosky cosks 0 cosky —cosks 0
(5.2)

where a; = &, ay = (& + V/37)/2, a3 = ay — a;, and k, = k - a,. We use units
where the hopping parameter t; = 1 and A; = 0.01. The + (—) sign refers to

spin-up (down) electrons; from here we focus on just the spin-up electrons.

For a more realistic scenario, we next include second-nearest neighbor hopping.

This gives us additional terms in the Hamiltonian:

0 cos(ky + k3) cos(ks — ky)
H(k) = =2ty | cos(ky + k3) 0 cos(ky + k2)
cos(kz — k1) cos(ky + ko) 0
(5.3)
0 —cos(ky + ks)  cos(ks — ki)
+i2X2 | — cos(kg + k3) 0 — cos(ky + ko)
cos(ks — k1) —cos(ky + k2) 0

We use units where the hopping parameter t5 = 0.3 and Ay = 0.008.
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FIGURE 5.5: Dispersion of energy bands in the presence of spin-orbit coupling
(SOC) with second-nearest neighbor hopping.

5.5 Model

Next, we intend to determine the magnetic ground state with many-body methods
exploring all possible configurations state of the chosen material. To build an
effective model, we examined the total DOS and atomic projected band structure,
confirming the crucial role played by the d-orbitals of Mn and the p-orbitals of
Sn in shaping the energy band dispersion near Ex. This observation is illustrated
in Fig.5.3(a). In the total density of states (DOS), the spin-up DOS exhibits a
lower value at the Er compared to the minority carrier, while the spin-up DOS
shows a higher value at low energy. This indicates the localization of the spin-up
d-orbital of Mn. The local moment of Mn is measured to be 2.3 pp/f.u., which
is consistent with experimental measurements [303]. The Bader charge analysis
suggests that the d orbitals of Mn are half-filled. Similarly, in Sn, the p orbitals

are also half-filled, with one electron residing in each orbital.

All the d-orbitals of Mn are equivalent, and similarly, the three p-orbitals of Sn
are also equivalent. therefore, we construct a minimal multi-band Hubbard model
which includes only two d-orbitals of Mn and one p-orbital of Sn to study the

emergence of the magnetic ground state (gs) in the relevant parameter space.
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Sn atom, along with the predominant configurations in the ground state wave

function. (b) The average charge density for up spin and down spin within the

unit cell, where the black curve represents the up spin charge density and the

red curve represents the down spin charge density. (c) The phase diagram for

the unit cell as U is varied with Ji/U. (d) The evolution of magnetic states as
a function of temperature.

We use the multiband Hubbard model

H = ZH;”“ + Y HY, (5.4)

<i5>

where Hi" represents the interaction term on i site and can be written as:

Ji
Hip = Z UinitaNija + Z (U; — éH)nianzﬂ

i,00 i,a<f
—2 Z Ji,HSia-Szﬂ -+ Z Amnm . (55)
,a<f i,
The first two terms are the intra and inter-orbital Hubbard interaction at 7 site.

The third term is the inter-orbital Hund’s coupling between spins at site i. U;, U/
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FIGURE 5.7: (a) and (b) corresponds to the up and down spin charge densities

for all the orbitals of each site, which we have taken in our ED calculation, for

two degenerate ground state wave functions respectively. (c¢) Average up and
down spin-charge density for these two degenerate wave functions.

and J; i are the usual Kanamori parameters for i" site and we use the standard
relation U] = U; — 2J; g. For Mn, we assumed the Coulomb interaction, U, and
the Hund’s coupling, Jy as 0.4 and 0.25 respectively[304]but in the case of Sn,
these parameters are taken to be 0. A, , represents the chemical potential for the
« orbital of i site. For the Sn atom, it is -1.5 eV and for the e, orbitals of Mn,
it is taken as 0 eV, as suggested by Wannier calculation. Now, the tight binding

part of the Hamiltonian is written as

Hp= > tijas(Clatios + He), (5.6)

o0,
where, t; j s is the hopping strength between the orbital o of i-th site and orbital
3 of j-th site. ¢! _ is the creation operator of an electron with spin o, orbital
at site ¢ whereas, cj,g is the annihilation operator with the same spin at site j,
orbital § . The hopping interaction is restricted to the two d orbitals of different

Mn atoms and one p orbital of Sn. The hopping matrix element of toj\l{"ﬁ_M” and

tMn=5n are given in the appendix. We solve this Hamiltonian, given in eq. (1) in

many body basis using exact diagonalization (ED) technique.

We consider a unit cell of the system as depicted in Fig.5.6(a), and this cell includes
six Mn atoms and one Sn atom, where each Mn atom possesses two orbitals and

two electrons, and the Sn atom possesses one orbital and one electron.

The ground state is twelve-fold degenerate (6x2)with S=5/2, where six arise from
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FIGURE 5.8: (a) The band structure of MgMngSng with SOC. (b) The energy
gap between two crossing bands at the Fermi level (EF) is shown, with the
nodal ring (NR) around the high-symmetry point K marked by a white line.
The gapped-out nodal line (NL) is indicated by a violet circle, and the gap
Dirac point is represented by a blue section at the K point.(c) Tight binding
band structure in the presence of SOC. (f)The gap between the QB touching
and the FB at the I" point in the presence of SOC. (d) The spin Hall conduc-
tivity (SHC) of MgMngSng varies with high symmetry points. Integration of
in-plane momentum contributions up to a certain energy reveals a significant
enhancement of SHC within the nontrivial SOC gap between the flat and Dirac
bands (e) The AHC’s energy (E-Er ) dependence For MgMngSng, the gapped
NL position is indicated by the black circle.

spin degeneracy (2S+1=6; S=5/2) and two from orbital degeneracy(due to config-
urational symmetry). In Fig.6.3(a), we illustrate the two most dominant config-
urations in the ground state wave function. The first configuration demonstrates
that all orbitals of each atom are singly occupied due to the onsite Coulomb re-
pulsion (U). In the lower layer (LL) of Mn atoms, spins tend to align in the same
direction due to the large Hund’s coupling (Jg), whereas in the upper layer (UL),
spins of two Mn atoms align in the same direction, while the spins of another Mn
atom align in the opposite direction due to the antiferromagnetic exchange devel-
oped between the hoping of the electrons in Mn orbitals to nearest Mn orbitals and
triangular geometry lead to frustration. However, the Sn electron is in a down spin
configuration due to the large hopping between Mn and Sn. Another dominant
configuration maintains ferromagnetic coupling in the LL triangle of Mn, similar

to the first configuration, but one electron from the d-orbital of the Mn-orbital is
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transferred to the Sn site making it double occupied. Consequently, Sn exhibits

an effective zero magnetic moment.

The stability of the S=5/2 magnetic gs state is examined by constructing a phase
diagram, where we varied the parameters U and Jy/U of the Mn atom. This
diagram is shown in Fig.5.6(c). It is observed that by varying U for a fixed Jg /U,
the gs system goes from an S=1/2 state to an S=5/2 state. Further details of
the S=1/2 magnetic gs are discussed. The S* = 5/2 state of the gs shows two
fold orbital-degeneracy and the corresponding up and down spin charge densities
are shown in Fig.5.7(c). We calculated average spin-resolved charge densities(see
Fig.5.6(b)), revealing effectively positive spin densities for each orbital of Mn sites
p(Mn)=0.698, while Sn sites exhibit effectively zero spin density and the per site
spin density for Mn for all five orbitals p4 = 1.15 which is consistent with DFT
predictions. This ferromagnetic ground state is also observed in rare earth bi-layer

compounds such as RMngSng (where R = Li, Mg, Ca, Tb, Ho, Er, Tm, Lu, and
Dy).

Finally, we examine the evolution of the magnetic states with temperature using
DMEFT calculations, as illustrated in Fig.5.6(d). Initially, at high temperatures, a
paramagnetic state is observed. As the temperature is reduced, ferromagnetic or-
dering begins to emerge around 3 = 20eV ! (corresponding to T=580K), reaching
a saturation magnetization of approximately 2.45up at 3 = 40eV ! (T=290K),

which aligns excellently with experimental findings.

5.6 Influence of SOC

Topological properties are highly sensitive to spin orbit coupling (SOC) effects,
in this next section, we explore the impact of the SOC on the band dispersion
resulting from the transition metal atom Mn. Mn, with its significant SOC, is
anticipated to have a substantial impact, particularly on the degenerate points,
due to the mixing of up and down spin channels. From the tight-binding model, we

have also noticed that with the coefficient of SOC even at 1/100th of the nearest
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neighbor hopping, the degenerate points are gapped out at K and I'. When we
incorporate the second nearest neighbor hopping, the degeneracy breaks even at
low SOC values, as indicated in Sec.5.4. On examination of the electronic band
structure in the presence of SOC, we find that the DP1 at the K point exhibits
a tiny bandgap opening (13 meV) in the presence of SOC, as shown Fig.5.8(b).
We have represented the energy gap where violet spots at the K points represent
the gap at DP1 as shown in Fig.5.8(a)and this non-trivial Dirac fermion resides
in the occupied state and is located closer to the Er, contributing significantly to
the Berry curvature (BC), depicted by a red spot in Fig.5.9(a). Moreover, another
crossing point, DP2 at the K point, exhibits a wider bandgap opening (42 meV) in
the presence of SOC. However, since it is distant from the Eg, it will not impact
the electron conduction. Nevertheless, by doping electrons into the system, we

can access this larger gap.

In sec.5.3 we have pointed out the degenerate point that is forming the Nodal
Line (NL). The NL loops in the k, = 0 and k, = 7/c planes are protected by the
M, mirror[217] symmetry and these NLs in the I-K-H-A plane that links them.
The six-fold rotational symmetry results in six NL and NL loops symmetrically
distributed near the K and L points. However, due to the finite magnetization in
the system, the time-reversal symmetry is broken, leading to the NLs beginning
to gap out in the presence SOC, although the gap size remains small (< 14 meV)
which is shown in the Fig.5.8(a). We have illustrated the energy gap of the NL in
the K,=0 plane in Fig.5.8(b), where a violet circle centered at K denotes this gap.
This gap induces a significant Berry Curvature (BC) along this line, as depicted
by a red speck in Fig.5.9(a).

Another crossing point, indicated by an orange circle, remains ungapped even
in the presence of SOC, as depicted in Fig.5.8(a). The energy gap in the k,-k,
plane is illustrated in Fig.5.8(b), where the white circular ring surrounding the
K point forms the nodal ring (NR), forming Weyl points at certain k-points in
momentum space. We have listed the Weyl points in Table 5.1 and also computed
the normalized BC enclosing the coordinates of the points in the k, = 0 plane. It

is noted that the BC is produced by the Weyl point with chirality 4+1 as a source
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FIGURE 5.9: (a) Berrycurvature distribution in K,-k, plane. (b) Brillouin Zone
with high symmetry point (c) display the surface band dispersion for the slab
(001).

and by the Weyl point with chirality -1 as a sink. We performed the same analysis
for the other Weyl nodes and confirmed their chirality.

TABLE 5.1: The Weyl points’ positions, Chern numbers, and the energy relative
to the Ep of MgMngSng.

Weyl points k. k, k. Chern number | E-Er
Wi 0.188 | 0.294 | 0.0009 -1 -0.05
Wi -0.239 | 0.147 | 0.00002 1 -0.08
Wy -0.105 | -0.060 | -0.0005 1 -0.065
Wy -0.188 | 0.056 | 0.0003 -1 -0.083
W -0.05 | -0.164 | 0.0009 1 -0.1
Wi -0.007 | 0.121 | 0.00009 -1 -0.12

In our investigation, we explored the impact of the SOC on the touching point
of the quadratic band and FB, as illustrated in Fig.5.8(c) from the tight-binding
calculation in the presence of SOC with nearest neighbour hopping. We observed
a gap opening at the contact point at I' as well as at the Dirac point which we

have already discussed.

The gap at the contact point of these two bands in MgMngSng measures 20 meV
as shown in Fig.5.8(d), which is smaller than the gap observed at the linear band
crossing of FesSny (30 meV), yet FB and band touching is near Fermi compared
to other systems. Wherein it is located far from the Ep. The SOC induced gap
strongly suggests that the reported flat band at k, = 0 has a nontrivial structure,
endowing nonzero Z, invariant under the time-reversal breaking condition. To
derive the Z5 index,the parities of the occupied bands at the time-reversal-invariant

(TRI) moments are analyzed and six sets of Z, numbers were computed for them.
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If the system is in a Z-trivial state, this index will be even, and if not, odd. The
Zy calculations of the six TRI planes can be utilized to obtain the Z, topological
indices (v, v11o13) using the formulayy = (Za(k; = 0) + Zy(k; = 0.5)) mod 2
and v; = (Za(k; = 0.5)). Consequently, MgMngSng is identified as a topological
metal with a bulk Z, topological number of (1,011). This leads to the emergence
of possible topologically nontrivial surface states. Surface bands can be observed
between any pair of diametrically opposing points on the NR, as confirmed by the
drumhead-like surface states in surface computations, which generally validate
the NR state. The topological charges of the WPs are identified along the I'-K-M
direction. As depicted in Fig.5.9(c), these WPs are further projected onto various
surface momentum routes, resulting in surface energy spectra exhibiting Fermi

arcs for the top surface.

5.7 Transport Properties

Since the electronic structure of topological materials is intimately linked to their
transport properties, in this section, we examine the transport properties of MgMngSng,
specifically exploring phenomena such as the Spin Hall Effect and Anomalous Hall
Effect. The immediate detection of the spin-orbit coupling separation amid the
Dirac and the flat band emphatically indicates the complex structure of the noted

flat band at k,=0.

To support this, we employ the DFT-based Wannier tight-binding model to ex-
amine the parity eigenvalue of the flat bands at the k,=0 plane using the Fu-Kane
formula[305]. This examination results in a topological index Z,=1 for both flat
bands, affirming their topological character. To illustrate how the nontrivial topol-
ogy of the flat bands influences bulk properties, we additionally computed the
band-resolved spin Hall conductivity (SHC) for our compound. The constructed
Wannier tight-binding model for MgMngSng enables us to conduct ab initio calcu-

lations for the SHC and the k-resolved contributions from each band, utilizing the
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Kubo formula[306, 307]. The in-plane momentum-resolved SHC primarily con-
centrates near the point where the degeneracy between the Dirac and flat bands
is lifted, a feature connected to its topological nature. This connection is crucial
for the formation of quantized SHC within the SOC induced gap, as depicted in
Fig.5.8(e).

The Anomalous Hall Conductivity (AHC) is directly linked to the BC, resulting in
a transverse anomalous velocity during electronic motion. Evaluating the intrinsic
AHC involves applying linear response theory within the Kubo formalism focusing
specifically on the AHC in the xy plane by integrating the BC of the bands that
are occupied in the whole BZ [Eq.3.1 and Eq.3.2]. A 501 x 501 x 501 k grid is
used to calculate intrinsic AHC using maximally localised Wannier orbitals. The
spin polarised bands of the Mn Kagome lattice, which produce large intrinsic BC,
due to the presence of Dirac point, and gapped nodal line close to the Er. The
variation of AHC with Fermi energy is shown in Fig.5.8(f). We found a substantial
intrinsic AHC of roughly 500 S/cm at the Ep.

5.8 Summary

In conclusion, we have reported an interesting topological itinerant metal MgMngSng
which is composed of bilayer Kagome Mn-layer sandwiching the hexagonal Sn
layer. We have presented comprehensive electronic properties using ab initio DFT
and DMFT calculations. We constructed a two-orbital Hubbard model (see Eql)
and solved it for a unit cell to analyze the many-body configuration of the mag-
netic ground state. The electrons in the d-orbitals of the Mn atoms do not exhibit
full polarization; instead, they form a many-body state characterized by orbital
degeneracies. Additionally, competing hopping terms between Mn-Mn and Mn-
Sn contribute to frustration within the system. The many-body gs show strong
electrons hoping term between Sn and Mn plays an important role in the Ferro-

magnetic nature of the ground state.
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Our ab initio calculations suggest that for MgMngSng the nodal line in the K,=0
plane is protected by mirror symmetry. In the presence of SOC, gaps were found
along the nodal line in the presence of magnetic ordering and resulting in a large in-
trinsic Berry curvature. We have also demonstrated the presence of Dirac fermions
at the Brillouin zone corner K, van Hove singularities (VHS) at the zone edge M,
and flat bands across the Brillouin zone of MgMngSng in the absence of SOC. The
Dirac nodes gain a finite mass gap in the presence of SOC and contribute to the
BC. Finite SOC breaks the degeneracy at the touching point at the zone centre I"
of the quadratic band and the FB. To the best of our knowledge, the position of
the flat band and the gap is the closest to the Er ever reported in the literature.

there is no reported paper where people showed this gap too near the Ep. The
gap induced by SOC strongly suggests that the reported flat band possesses a
nontrivial structure, resulting in a nonzero Z2 invariant. Examining how the
nontrivial topology of the flat bands influences bulk properties, we additionally
computed the band-resolved SHC. The AHC is directly associated with the BC,
leading to a transverse anomalous velocity during electronic motion. We discovered
a significant intrinsic AHC of approximately 500 S/cm at the Er. Altogether the
electronic properties of MgMngSng exhibit many interesting topological properties
and interesting frustrated magnetic properties. We hope our study will influence
further experimental analysis in this material which may have potential application
in future device applications like spintronics(Spin Current Generation, Spin-Orbit
Torques, Spin Hall Magnetoresistance) and quantum computing(Spintronic Logic

and Memory Devices).
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Topological properties and
anomalous transport in van der
Waals ferromagnets Fe, GeTey: a

comparative study

6.1 INTRODUCTION

Discovery of two and three dimensional non-spatial time reversal symmetry pro-
tected topological insulating materials and their prospective applications inspired
further prediction of a group of novel states protected by various symmetries such
as crystalline symmetry [308-310]. Furthermore, the concept of topological band
insulator has been extended to topological semimetals (TSMs)[311-317] which are
described by crossing of valence and conduction bands in the Brillouin zone (BZ);
for example, the nodes formed by touching the conduction and valence bands at
a discrete point are the Weyl/Dirac semimetals since the Weyl/Dirac equations
govern their low excitation behavior[316-318]. The recent addition of new type of

materials is topological nodal line semimetals (TNLSMs) where bands cross each

105
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other along a line or closed-loop in BZ, and in principle, it can exist in quasi-two-

dimensional[245] and three dimensional materials[216, 319].

In TNLSMs, the degenerate crossing point of the conduction and the valence bands
near Er are protected by the spatial symmetry in crystal and time-reversal (TR)
symmetries. Any local doping or impurity in the bulk can not lift the degeneracy
without breaking protecting symmetries in the system, however, by breaking time-
reversal or spin-parity symmetry, the system may have gapped nodal lines or nodal
points such as the first principles calculations demonstrate that the electronic
band structure of TaAs in the absence of SOC exhibits two nodal lines, which are
protected by mirror reflection and spin-rotation symmetries and each nodal line
gaps into three pairs of Weyl nodes in the presence of SOC [320, 321]. A double
nodal line in SrlrOj3 is another example of nodal lines gaping into a pair of Dirac
nodes when a mirror reflection symmetry is broken [322, 323]. These nontrivial
topological energy bands lead to many exotic phenomena, such as the anamolous
Hall conductivity (AHC) and anomalous Nernst conductivity (ANC). The ANC
is a thermoelectric counterpart of the AHC, both of which are associated with
the Berry curvature (BC) [324, 325]. Moreover, compared to AHC which includes
contribution of Berry curvature from all the states below Fermi-level, ANC has

the dominant contribution of the BC near E [326].

Recently, the van der Waals (vdW) ferromagnet FezGeTes has been demonstrated
to be a magnetic variant of TNLSM where in the large BC induced AHC has
been attributed to the presence of a gapped nodal line near Ep[327]. Later,
related iron-rich compounds in the series Fe;GeTey and Fe;GeTe, are synthesized
and interestingly, both are ferromagnetic vdW compounds [327, 328]. Therefore,
topological and magnetic properties of these materials motivated us to investigate
the interplay of magnetism and topology in the magnetic vdW materials series,
Fe,GeTey (n = 3, 4, 5)! and also to understand their effect on the anomalous

transport properties.

1" Topological properties and anomalous transport in van der Waals ferromagnets Fe, GeTes:
a comparative study” - J. Sau, S. R. Hassan, N. Kumar and M. Kumar, Phys. Scr. 98 125916
(2023)
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(b) Fe,GeTe ©) Fe GeTe,

FIGURE 6.1: Three stable vdW structures in the series of Fe,,GeTey for n=3, 4,

5. The upper panels (a), (b), and (c) are side views of the structures FesGeTey,

FeysGeTey, and FesGeTey, respectively. While the lower panels (d), (e), and (f)
are corresponding top views and d represents the inter-layer distance.

In literature the topological vdW ferromagnets are scant, therefore, Fe,GeTe,
have recently attracted a lot of attention. This series of compounds are also
technologically important due to the large Curie temperature (T¢); To = 230 K,
270 K, and 293 K for FesGeTe, [327, 329, 329], Fe,GeTes[330] and Fe;GeTey[331],
respectively. Chen et al. showed that T'¢ of FesGeTey could be further enhanced
to 478 K upon Ni-doping[326]. The monolayer of these systems shows interesting
magnetic behavior and the thin atomic layer can be tuned using the femtosecond
laser[332]. FesGeTe, also indicated a high electronic correlation in terms of the
emergence of Kondo behavior[333]. The density functional theory (DFT) predicts
large magnetic anisotropy in Fe3GeTe, and Fey;GeTey monolayers in the presence of
electric field[334, 335]. Fe;GeTe, shows butterfly type of magneto-resistance[336].
These materials have a potential application in the electrical control of magnetism

and spintronic devices[186, 337-339].

The structural characteristics of Fe, GeTey could be understood in terms of the
triangular Fe-layers and Fe-Fe dumbbells. In Fe3GeTe,, Fel makes a triangular
lattice when considered together with Ge which can be viewed as a honeycomb
lattice. Fe2-Fe2 dumbbells align perpendicular to the layer, in the center of each

hexagon of the honeycomb lattice, with one Fe2 above the hexagon and another
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Fe2 below the hexagon. FezGeTes belongs to the space group P63/mmc (No.194).
Fe,GeTey consists of two types of dumbbells each displaced with respect to the
other along the direction perpendicular to the vdW layer. Fe,GeTe, has a rhom-
bohedral structure with space group R3m (No.166). The structure of Fe;GeTe,
also consists of two types of dumbbells as in the case of FeyGeTe,, in addition to a
triangular layer of Fe. The space group of FesGeTey is P3m1 (No.156)[327]. These
materials also have Cs, symmetry in addition to a mirror or Cy symmetry. The
top and side views of Fe,GeTe, structures have been depicted in Fig.7.1, where
different Fe atoms are distinguished with separate colors. Crystal symmetry plays

an important role to host symmetry protected states in these systems.

In this chapter, we perform a comparative study of the electronic properties of
Fe,,GeTey (n = 3, 4, 5) and explore the origin of the topological states. These ma-
terials have large anomalous transport properties, therefore, a comparative study
of transport properties has been carried out. The magnetic space group and their
associated symmetry are also studied to show the effect on the degeneracy of en-
ergy dispersion. A tight-binding model Hamiltonian is extracted by fitting bands
obtained from the DFT calculations, and the model is used to explore AHC and
ANC using the Wannier90. The main goal of this manuscript is to do a com-
parative study of anomalous transport in this series of materials and the effect of

crystal symmetry on topological states.

The remainder of this chapter is organized as follows. In Sec.6.2, we briefly discuss
the computational details followed by a discussion on the magnetism of these three
materials in Sec.6.3. Magnetic space group detail analysis and associated electronic
band topology are covered in Sec.6.5 and Sec.6.4. Sec.6.6 summarises our results on
the nontrivial band topology, nodal lines, and corresponding BC distribution. We
present our paper’s primary focus, anomalous transport, in Sec.6.7 and conclude

with a summary and conclusion in Sec.6.8
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FIGURE 6.2: (a) The total DOS for FesGeTey as a function of (E-Ef) is plot-
ted where the blue and red curves represent the total DOS for the majority
spin carrier (solid) and minority spin carrier (dotted) of Fel and Fe2, respec-
tively. The magnetic moments, Mpe; (Mpe2) is shown with the black (green)
curve, the main contribution from the majority spins. (b) Similarly, the total
DOS for FesGeTes as a function of (E-Ef) is plotted where the blue and red
curves represent the total DOS for the majority spin carrier (solid) and minority
spin carrier(dotted)of Fel and Fe2, respectively. The magnetic moments, Mg
(MFpe2) is shown with the black (green) curve. (c)the total DOS for FesGeTes
as a function of (E-Ef) is plotted where the red, green, blue, deep green and
orange curves represent the total DOS for the majority spin carrier (solid) and
minority spin carrier (dotted) of Fel and Fe2, Fe3, Fed and Feb, respectively.
The magnetic moments, Mpe1, Mpeo, Mpes, Mpes and Mp.s are shown by black,
brown, violet, maroon and cyan, respectively.

6.2 Theory and Computational Details

We examine the electronic structures and transport properties of Fe,GeTe, in
the scheme of DFT. First principles calculations are performed using the VASP
package [340] based on the generalized gradient approximation (GGA)[219] of
the Perdew-Burke-Ernzerhof (PBE)[341] for the exchange-correlation functional.
A plane-wave basis set with a kinetic energy cutoff of 600 eV is considered while
performing first principles calculations. Furthermore, we have used 6 x6x6 k-point
mesh for Fe,GeTe,. The Gaussian smearing method is employed for broadening
the Fermi surface with a width of 0.05 eV. Both cell parameters and internal
atomic positions were fully relaxed until the forces on all atoms were smaller than
0.01 eV/A. To explore the nontrivial band topology and the intrinsic AHE, the
tight-binding Hamiltonian was constructed with the maximally localized Wannier
functions [168, 169]. The intrinsic AHC is computed using the linear-response
Kubo formula approach in the clean limit, and a 500x500x500 k-grid in the BZ
was used for the integral of the AHC.
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6.3 Magnetic Properties

In this section, the magnetic properties of all three vdW compounds Fe3GeTes,
Fe,GeTey and FesGeTey are studied. We calculate spin resolved total density of
states (DOS) to understand the magnetic moments. We notice that the d-orbitals
of Fe atoms dictate the magnetism, therefore, we show only the DOS of the d-
orbitals where down spin DOS is shown as negative of its value. We calculate
the total magnetic moment of Fe atoms as a difference of total up and down spin
electrons filled up to EFr where the density of up or down electron at any energy

is proportional to the DOS of up and down spins at that energy.

Fe3GeTey: In this compound, there are two in-equivalent Fe atomic sites denoted
as Fel and Fe2 as shown in Fig.6.1(a), Fel lies in the a-b plane and arranged on
hexagonal structure whereas Fe2 lies perpendicular to this plane. Energy depen-
dence of spin up (solid line) and down (dashed line) DOS are shown in Fig.6.2(a):
red lines represent the DOS of Fel atoms, whereas the blue line represents the
DOS of Fe2 atoms. The partial DOS calculations suggest that the DOS of all d-
sub-orbitals are spread near the Er therefore, electrons of all the sub-orbitals are
delocalised. The DOS of Fel compared to Fe2 has a higher magnitude at —2.5 eV,
whereas, the DOS of Fe2 has a marginally larger value compared to Fel between
the energy range —2 eV to 0 eV. We note that the difference between up and
down DOS of Fe2 atoms has a higher spread than that of Fel atoms; therefore,
we expect a higher magnetic moment for Fel than Fe2. The magnetic moments
Mpge1 and Mpes for Fel and Fe2 atoms are shown as solid black and green lines
in Fig.6.2(a). Mpge1(2.5 pp/atom) is higher than that of Mpe(1.6 pup/atom) at
0K.The magnetic moment is substantial along the c-axis due to uniaxial magne-
tocrystalline anisotropy along this direction[195]. In our calculations, magnetic
polarisation is considered along the [001] direction. As a result, for FesGeTes,
Mpe(2.2115 /atom) represents the average contribution of the magnetic moment in
Fe along the c-axis, and it closely matches the experimentally observed value (2.4

wup/atom)[195].
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FIGURE 6.3: The band structure of Fe,,GeTey without and with SOC. After
opening a gap, there is a Berry curvature along high symmetry lines. (a) For
Fe3GeTeq, the crossing point at K, 0.03 eV above the Ep without SOC. At K
point the crossing point is formed by thick red and black colour bands. Green
and blue bands also form nontrivial crossing near Fp along K-I' (b) The gap
opens just below the Er due to SOC. (c¢) Corresponding to nontrivial crossings
there are finite Berry curvature (d) The crossing point is between K and M
points at the Fr for Fe,GeTey without SOC. The crossing point is formed by
thick red and black colour bands. Green and blue bands also form nontrivial
crossing near Fp along K-I' (e) Lifting the degeneracy in the direction of K-M
and K-I" due to SOC. (f) Finite Berry curvature corresponds to this degeneracy.
(g) The crossing point formed by thick red and black colour bands) K point below
the Ep in FesGeTey without SOC. (h) With SOC, the gap opens (i) Negative
Berry curvature is shown due to TR (inclusion of SOC) symmetry breaking.

Fe,GeTey: This system has also two in-equivalent Fe sites labeled as Fel and
Fe2 in Fig.6.1(b). Fe2 atoms lie below the Te atom of hexagonal plaquettes and
Fel atoms are present in hexagonal plaquettes. The up and down spin DOS are
plotted as a function of energy with solid and dotted lines. Red and blue colour
represents the DOS of Fel and Fe2 d-orbitals. The Fe2 d-bands are more dispersed
compared to Fel. The DOS of Fel has a larger amplitude at —2.8 eV for spin
up electron than in Fe2 DOS, as shown in Fig.6.2(b). The magnetic moments

Mpge; and Mpes for atoms Fel and atoms Fe2 are shown as solid black and green
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FIGURE 6.4: For Fe3GeTe, with SOC: (a) 2D Fermi surface using spectral func-
tion A(K,, Ky, K, =0, Ep). (b) Energy gap, AE(K,, Ky, K.) = (E, (K,
Ky, K.)-Ey (K, Ky, K.)), between two crossing bands (a(red) and b(blue))
and the high symmetry points are also shown. (c) The Berry curvature distri-
bution, . (K., K,, K. = 0) has a large negative value at the K point (red
spot). (d) Energy gap, AE (K., K., K, =1 A~1) and gapped nodal line at
K,=05A"and K, = — 0.5 A=, (e) The Berry curvature distribution along
gapped Nodal line, , (K, K., K, =1 A1),

lines in Fig.6.2(b). Mg and Mpey are 2.47 and 1.7up/atom, respectively. The
easy magnetic axis is observed experimentally along the c-axis[330]. Our analysis
takes the magnetic polarisation direction along the [001] direction. The predicted
value of Mp.=2.084 15 /atom for Fe’s average magnetic moment in the ¢ direction

coincides nicely with the experimental measurement (1.8 pp/atom)[327]

Fe;GeTey: It contains five in-equivalent Fe sites which are shown in Fig.6.1(c) and
two atoms Fel, Fed, and Feb are in the same a-b plane in negative ¢ direction.
Fel and Fe4 have similar chemical environments but Feb has different chemical
environments. Fe2 and Fe3 are also the same a-b plane in positive ¢ direction and
have different chemical environments. d-orbitals of these atoms are also highly
hybridized. DOS of all five Fe d-orbitals are shown in Fig.6.2(c). DOS of Fel and
Fe4 looks similar, whereas it is distinct from the other three Fe atoms. The green
curve exhibits a large peak in up DOS of Fe2 at —3.0 eV signifying localization
of magnetic moment. Fe2 atoms have the highest magnetic moments and Fe5

and Fe3 have the lowest contribution. Feb and Fe3 d-orbitals have higher DOS
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for both up and down spins near the Ep but they are dispersed over energy.
The colored thick lines represent the magnetic moments for all five Fe atoms and
the largest magnetic moment is Mpeo=2.55 pup/atom for Fe2, as expected. The
magnetic moment of Fel and Fed are nearly the same Mp.;=2.4 pup/atom and
Mpes=2.3 pup/atom respectively, whereas the magnetic moment of Fes and Feb
are Mpe3=1.29 pp/atom and Mp.5=1.84 pup/atom. Experimental research has
also revealed that the magnetic easy axis in this material is along the ¢ axis[342].
The average magnetic moment per Fe atom along the ¢ direction is Mp,=2.064

pp/atom, which agrees with the experimental reported value (2.4 pp5/atom).[342]

6.4 Nontrivial band topology

The electronic band structure of the Fe, GeTe, system is studied and the topolog-
ical aspect of energy bands is explored at energy band crossover points. We notice
that the majority of the contributions energy bands are from the d-orbitals of the
magnetic atom Fe near the Ep, therefore, the main focus of our study of energy
bands will be close to the Fr. Using the wannier90 we compute a multiorbital

tight-binding model

Hy = Z tz-j(c;rgo‘c% + H.c.)+ Z erns + Z NS

<ij>,0,a,0! ioa i
where i and j are the atomic index and « is the index for various orbitals of the
atoms. o is the spin index. The tight-binding hopping parameters are represented
by t;;. The tight-binding Hamiltonian is constructed using the s and d orbitals
of Fe atoms, the s and p orbitals of Ge and Te atoms. The spin-orbit coupling

constant is represented by \;.

Fe3GeTey: The energy dispersion near Er is shown in Fig.6.3(a) without SOC
and in Fig.6.3(b) with SOC and in the absence of SOC two bands represented by
"a’ (thick red line) and 'b’ (thick black line) cross at point K above 0.03 eV Ep
as shown in Fig.6.3(b). These two bands are solely contributed by the d orbitals
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of Fel and Fe2 atoms. We observe that the band crossing resembles Mexican-
hat shapes induced by the Rashba effect with quenched spins, as reported in the
literature[195], and degeneracy at the K point arises due to crystal symmetries of
Fel and Fe2 atoms. However, the application of SOC and the magnetic moment
along [001] direction lifts this degeneracy. In the neighborhood of Ep, there are
some other band crossings that contribute to large BC which lie along the high
symmetry direction M-T" and K-T" as shown in Fig.6.3(a). These bands are shown
in blue and green color; blue color bands are composed of d-orbitals of Fel and
Fe2, whereas the green color band has a majority contribution from the p-orbital

of Ge. The non-trivial crossing points open a gap in the presence of the SOC.

Fe,GeTey: All the energy bands close to the Fr are contributed by Fe atoms,
Many energy bands cross, close to E g, as shown in Fig.6.3(d), and these bands are
formed from the d,,, d;., dy., and d,2_,2 sub-orbitals of Fe atoms. The nontrivial
degeneracies near the Er are along the K-M and the other band crossings are
located along the high symmetry direction K-I" in the vicinity of Ep, contribute
to significant BC. These bands are depicted in blue and green; the blue bands
include d-orbitals of Fel and the green band is due to d-orbitals of Fe2. We have
shown one nontrivial crossing point which is originated by two bands represented
by ’a’ (thick red line) and ’b’ (thick black line) at Er. However, the magnetic
moment is along [001] direction and degeneracy is lifted in the presence of SOC
as shown in Fig.6.3(e). The BC in this system shows a large negative value along

the K-I' symmetry direction as shown in Fig.6.3(f).

Fe;GeTey: Most energy bands near the Fp are contributed from the d,.,d,. and
dg,—y, sub-orbitals of Fe atoms. The nontrivial band crossing is —0.11 eV below
the Er at the K point as shown in Fig.6.3(g). There are two other crossings close
to K point along K-M and K-I" directions —0.1 eV below Fr. However, in the
presence of SOC, the gap opens at these points as shown in Fig.6.3(h). The BC
along the K-M and K-T' symmetry directions are shown in Fig.6.3(i). We notice
a large negative BC at the K point and two other crossings around the K point
as mentioned earlier and this crossing point has a similar origin to that of bands

close to the E'r in Fe3GeTe,.
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ry’s

FIGURE 6.5: First Brillouin zone of a hexagonal lattice where P and U are high
symmetry lines along K-H and M-L

6.5 Magnetic Space group symmetry

To comprehend the degeneracies of energy bands in BZ, we analyze the magnetic
space group (MSG) symmetry, which relies on the crystal’s magnetization and
points group symmetry. There are 1651 MSG in total, but only 528 of them are
pertinent to two-dimensional magnetic materials[343]. Using the Bilbao crystallo-
graphic server, the MSG for Fe,GeTes materials is calculated. We calculate a fat

band to analyze the d-orbital contribution to the energy dispersion.

Fe3GeTe, belongs to the 194-space group symmetry, and the MSG number is
194.26, which is confirmed by using the three-dimension structure of the system
and considering the magnetic moment along the easy axis. There are two types
of Fe in this system: Fel and Fe2. Fel is in the Wyckoff position of 4e and has
a 3m site symmetry with a high symmetry line along P (K-H) shown in Fig.6.5.
The Wyckoff position of Fe2 is 6h which has mm?2 site symmetry. This symmetry
results in high symmetry points along U(M-L), and these high symmetry lines are
related by rotational and translational symmetry. The Fel and Fe2 orbitals are
orthogonal to each other; therefore, crossing points of these bands along a high
symmetry line may give the degenerate line. To show the orthogonality of these
bands, we examine the orbital contributions at K points and detect that there
are two orbitals:d,, and d,. of each Fel and two orbitals: d,2_,2 and d,, of each

Fe2 contribute.In total, there are 12 orbitals per unit cell. The molecular orbital
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FIGURE 6.6: For FeysGeTey with SOC: 2D Fermi surface, the energy gap,

AE(Ky, K., K; = 0) and the Berry curvature distribution are plotted in (a),(b)

and (c), respectively. We also calculate the energy gap, AE(K,, K, K, = 0)
and the Berry curvature distribution in K,=0 in (d) and (e), respectively

of linear combination of Fel orbitals has angular momentum L%_; = +1 whereas
Fe2 molecular orbitals has L%, = +2. Therefore, the bands of Fel and Fe2 are
orthogonal to each other as LZ_, of these two atoms are different. These results
are similar to that in ref [195]. The SOC acts at the atomic site and is defined as
H,, = A L- < S > for all atoms, and can be treated as the perturbation in the
Hamiltonian.The doubly degenerate bands along the K-H line opens a gap in the
presence of SOC, and the perturbation term in Hamiltonian H,, can be treated
by degenerate perturbation theory in the doubly degenerate bases. The first-order
energy correction is obtained by diagonalizing the 2 X 2 matrix in these bases.
The energy gap has a dominant contribution from the first-order perturbation
component, therefore, if magnetization has a finite z-component, the degeneracy
at the symmetry points can be lifted, and the gap is proportional to the average

magnetization < L*S* >.

Fe,GeTe, is a member of the 166-point group symmetry, also known as the R 3
m symmetry group. In this material, Fel and Fe2 atoms make two hexagonal
layers as shown in Fig.7.1(b) and have C3 symmetry about the axis perpendicular

to layers. Compared to Fe3GeTes, which only has 24 symmetry operations, this
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three-dimensional structure has 36 symmetry operations and has an MSG num-
ber 166.67, where both Fel and Fe2 atoms are at the 361 Wyckoff position. The
degenerate point is along the K-M, resulting from Fel and Fe2 bands composed
of orthogonal orbitals that give rise to degenerate points. The d,, and d,. orbitals
of each Fel are composed of a crossing band, whereas the other crossing band is

formed of d,2_,2 and d,,. We examine the contribution of orbitals at the crossing

y
points shown in Fig.6.3(e) to understand the bands’ orthogonality. Linear com-
bination of d,, and d,, orbitals can have angular momentum L* = +1, whereas,
for Fe2 band the L* = £3. In the presence of finite magnetic moment along the

z-direction similar to that in FezGeTey, SOC lifts the degeneracies and can be

explained by degenerate perturbation theory.

Fe;GeTe, is a member of the P3m1 symmetry group, also known as space group
symmetry No.156 [327]. In addition to a mirror or Cz symmetry similar to
FesGeTe2, it also has C,, symmetry and corresponds to MSG number 156.49.
The band degeneracies and bands near Ep are composed of Fe2 and Fe3 orbitals,
and the site symmetry groups for Fe3 (Wyckoff position 1a) and Fe2 (Wyckoff
position 3d) have site symmetry 3m and m, respectively. The two-fold degeneracy
is caused by the Fe2 and Fe3 bands having an orthogonal orbital contribution at
the K point. At this point, Fe2 band is composed of d,, and d,,, whereas the Fe3
band is composed of d,, and d,2_,2. The molecular orbital of Fe2 has L* = £1;
on the other hand, the molecular orbital of Fe3 has L* = £2, similar to Fe3GeTe,
material. The lifting of degeneracy due to SOC along the K-H line is very similar
to that of the Fe3GeTey system.

6.6 Nodal line and Berry curvature distribution

This section highlights the band crossing features by the 2D Fermi surface using
the spectral function A(k, Er) computed using the wanniertools[? |, the energy
gap, AFE(k) between the band crossing and the z component of the BC, €2, (k) at
each point of the BZ. We usually observe large BC at the crossing points or the
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nodal lines. We show our results in various two dimensional planes like the K, =

0 plane, K, = 0 plane, and K, = 0 plane separately.

Fe;GeTey: Fig.6.4(a) shows the FS plot in K, = 0 plane. The calculated FS
consists of a circular-shaped pocket centered at the six K-point and a hexagonal-
shaped pocket centered at I'. The blue region shows a high spectral function
value and the white region represents a small spectral function value. The spec-
tral function’s intense value reveals the band’s degeneracy and crossing between
different bands. Most of the region is blue i.e., high spectral function regime which
is present around I' point and six K points which exhibit high spectral function.
In Fig.6.4(b) gap distribution AE(K,, K,, K, = 0), is shown in the presence of
SOC, and a gap smaller than 1075 eV is considered to be zero. The white region
is around K points and corresponding to this gap there is a finite BC as shown
in Fig.6.4(c) with the red spot. We also studied the energy gap in K, = 0 plane
and observed a gapped line, as shown in Fig.6.4(d) by a white line (at near K, =
0.5 A~' and K, = —0.5 A=) called a gapped nodal line. The BC is large at this
nodal line, and we show it in Fig.6.4(e) by a red line(at near K, = 0.5 A~' and
K,=—05A").

Fe,GeTey: In Fig.6.6(a), 2D FS using the spectral function is plotted in the K,
= 0 plane, and there is a ['-centered hexagonal-shaped and six K and M point-
centred circular-shaped FS. Like the previous system, the blue region shows a high
spectral function value indicating band degeneracy and the crossing point. The
white region represents a value close to zero i.e., a small spectral function. The
intense value of the spectral function at the black dots around the I' points and
blue lines around K and M points indicate band crossing and band degeneracy.
SOC opens tiny gaps along the K-M direction, as shown in Fig.6.6(b). White spots
between the K-M line and I' points correspond to gapped regions and BC at these
points are high, as shown in Fig.6.6(c) by red spots. The gaps and BC are also
calculated in the K, = 0 plane, but there is not much feature associated with it.
Gaps and finite BC are scattered in the first BZ; therefore, we safely conclude the

absence of a nodal line.
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FIGURE 6.7: For Fe;GeTey with SOC: (a) 2D Fermi surface using spectral func-
tion A(Kg, Ky, K. = 0, Ep). (b) Energy gap, AB(K,, K, K.) = (Eq (Ko,
Ky, K.)-Ey (K., Ky, K.)), between two crossing bands (a(red) and b(blue))
and the high symmetry points are also shown. (c¢) The Berry curvature distri-
bution, Q. (K., K,, K. = 0) has a large negative value at the K point (red
spot). (d) Energy gap, AE (K, K., K, =1 A~1) and gapped nodal line at
K,=05A"1and K, = — 0.5 A~'. (e) The Berry curvature distribution along
gapped Nodal line, Q. (K,, K., K, =1 A,

Fe;GeTey: Fe3GeTe, and FesGeTe, have similar symmetries; therefore, the spec-
tral function behavior and its symmetry are expected to be similar, as can be
seen in Fig.6.7(a) of the contour plot of FS. The blue line with a high spectral
function value in the neighborhood of I' points and six K points, reflects the band
degeneracy and the band crossing. In Fig.6.7(b), gap distribution, AE(K,, K,), is
shown in the first BZ, and blue and white regions show tiny gaps opened at the
high symmetry points due to the SOC. Mainly the white region is around the K
points, and corresponding to this gap, there is a finite BC, as shown in Fig.6.7(c)
with the red spot. In K, = 0 plane, white stripes represent the gaped nodal line
as shown in Fig.6.7(d), and there is a large BC associated with it as shown in

Fig.6.7(e) by a red and blue line( near K, = 0.5 A=' and K, = —0.5 A1),
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6.7 Anomalous transport properties

We also study anomalous transport properties described by a tight-binding Hamil-
tonian, H constructed by fitting its parameters with DFT results. As discussed
in the previous section, these materials exhibit a large BC on the nodal lines in
the presence of SOC. The BC (£2) acts as a magnetic monopole in the momentum

space giving rise to anomalous Hall and heat conductivity.

The computation of the BC requires the energy eigenvalues E,, (k) is the eigenvalue

of the nth eigenstate ¢, (k). The BC Q" (k) is written[335] using Eq.3.1 and Eq.3.2.

The BC-effect also manifests in thermoelectric transport is driven by a statistical
force, for example, temperature gradient. In the presence of a temperature gra-
dient, the local current of carriers acquires an additional term from the carrier’s
magnetic moment in the presence of a non-uniform distribution. The extra term,

an extrinsic Hall current j;,, can be written in terms of the BC as,

jin =~ x5 [ @9l 1A

+kpTlog(1 + ePlemh)] (6.1)

the Nernst conductivity a,, can be extracted using j, = o, (—AT,) and the ay,

can be written as[335]

1 —df () (e —p)
awy:—g/de a0 Ouy(€) T (6.2)

where intrinsic AHC o,,(EF) at zero temperature with Fermi-energy Ep.

All three materials show the variation in AHC as (E-Ep) varies, which is promi-
nent in n = 3, 5 compared to n = 4. For Fe3GeTe, as the energy (E-Ef) varies,
AHC first decreases from 300 S/cm to —400 S/cm at (E-Ep) = —0.1 eV and then
increases as (E-FE ) approaches zero and acquires a value of 150 S/cm. This ma-

terial reveals the large BC at the nodal line, as seen in Fig.6.3(c), which causes a
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FIGURE 6.8: (a) Red, green and blue curves represent Energy (E-Er) depen-

dence of the AHC For FesGeTey, FeyGeTey and FezGeTey respectively. (b)

Red, green, blue curve represent Energy (E-Er) dependence of the ANC for
Fe3GeTey, FeyGeTes and FesGeTes, respectively.

high value of AHC. The SOC opens the gap in the energy bands below the Fermi
energy, Fr, which contributes to a large variation in BC. Further, we can tune its
values by doping, for example, up to 600 S/cm by electron doping and 450 S/cm
by hole doping. Our result is consistent with the experimental value of AHC[195]
150 S/cm, at a low temperature. In FeysGeTey the six-fold degeneracy around K
and M points lying close to Er contributes to the large value of AHC, 295 S/cm
at (F-Ep) = —0.4 eV decrease to —100 S/cm at (E-Er) = —0.3 eV and at Ep its
value reaches to 300 S/cm. In the case of FesGeTe,, various bands contribute to
BC, which is responsible for fluctuating AHC with (E-Er). The calculated AHC

is 90 S/cm and most of the contribution comes from the nodal line below the Ep.

Compound Magnetic moment AHC ANC
Theory Experiment Theory Experiment Theory Experiment
Fe;GeTey  2.2up/atom 2.4pup/atom  150S/cm 150S/cm  0.55A/Km 0.50A/Km

FesGeTey,  2.0up/atom 1.8ug/atom 295S/cm 366S/cm  0.8A/Km no experiment

FesGeTe,  2.1up/atom 2.4pup/atom 90 S/cm 147 S/em  0.10A/Km no experiment

We now discuss ANC which is intimately related to anomalous Nernst effect (AHE)
via anomalous thermoelectric response tensor and emerges when charge carriers
acquire an anomalous transverse velocity in a longitudinal temperature gradient
and a finite BC. In contrast to ANC which probes BC of the whole Fermi sea,
ANC is sensitive to the BC near Er. As a result, ANC may become the dominant
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term of the total Nernst signal in this series of materials with an enhanced BC near
the Fermi energy. Fig.6.8(b) shows ANC at room temperature and as a function
of (E-Ef) for all three materials. The behavior of Fe3GeTe, and FesGeTey are
similar but opposite to Fe;GeTe,. Near Fermi energy F-Er = 0, Fe,GeTes has a
large value while Fe3GeTey and Fe;GeTe, have a small value. This suggests that
band crossing near the Fermi energy in all these materials is different, as evident
in the band structure calculation discussed in the previous section. The calculated
value of ANC for FeyGeTey (0.8 A/Km), followed by FesGeTey (0.55 A/Km) and
Fe;GeTey (0.10 A/Km) at room temperature. The experimentally observed value
of ANC [344] for FesGeTey, 0.55 A/Km, is close to our calculated value. It is
confirmed from magnetic space group symmetry how the small gap at the degen-
erate point is caused in the presence of SOC. Eq.3.2 allows us to determine the z
component of BC corresponding to this tiny gap. The xy component of AHC and
ANC can be calculated using the BC. Other components of AHC and ANC are

almost zero because of the magnetic moment along [001] direction.

6.8 Summary

In this work, we perform a comparative study of the electronic properties, the
topological aspect of their energy bands, and the accompanying anomalous trans-
port characteristics of Fe,GeTey (n=3,4,5), itinerant van der Waals ferromagnetic
semimetals. FesGeTey and FesGeTey contain nodal lines in the electronic band. In
contrast, in Fe,GeTey, non-trivial energy band crossings occur between the high
symmetry points K and M. All three systems contain either two-fold mirror sym-
metry or rotational symmetry perpendicular to the c-axis, as well as three-fold
rotational symmetry about this axis. In Fig.6.4(a), Fig.6.6(a), and Fig.6.7(a) the
influence of symmetry is mirrored in the spectral densities at the Fermi surface. We
also show that Fe;GeTey exhibits additional non-trivial degenerate points along
the high symmetry lines of K-I' near Er and M-I near Ep, in addition to the
bands crossing at the K point discovered in ref.[195]. These crossing bands are

composed of Fe d-orbitals and Ge p-orbitals but have finite BC at these crossing
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points. The electrons in the d-orbitals of the Fe atoms contribute all the mag-
netic moments (M) in this system, and the computed values of M are compatible
with the experimental values ([195, 3427 ]). We also show that the emergence of
symmetry-protected energy degeneracy is strongly influenced by magnetic space
group symmetry. The mechanism of lifting the degeneracy of crossing points is
also discussed in the presence of SOC with a finite magnetic moment which leads
to non-zero BC. The finite value of BC contributes to intrinsic anomalous Hall and
Nernst conductivity. The calculated value of AHC at low temperatures agrees with
the experimentally reported value [195] for Fe;GeTe,. In the case of Fey,GeTes,
we notice that a large contribution of BC comes from the vicinity of band cross-
ing points along K-M, which are close to Er. Therefore, this material has the
largest AHC (295 S/cm) out of all three materials. We find that the ANC for
Fe3GeTe,, FeyGeTey, and FesGeTey are 0.55 A/Km, 0.80 A/Km, and 0.10 A/Km,
respectively. The experimentally reported value of ANC in Fe3GeTe, in Ref [344]
is fairly close to our calculated value. Comparing magnetic and transport mea-
surements’ theoretical and experimental data of Fe,GeTe, are listed in Table ?77.
It has also been explored how the AHC and ANC correlate with the change in Ep,
and how this shift might be brought on by the system being doped with electrons
or holes. The enormous ANC in these materials offers intriguing potential for the

subsequent evolution of thermoelectric energy conversion devices.

In conclusion, we have carried out a comparative study of magnetism, electronic
band structure, topological band crossing, and their effect on the anomalous trans-
port properties in Fe,GeTey (n=3,4,5) materials. We now present a table in the
Supplemental section for comparing theoretical and experimental magnetic and
transport measurement results. We investigated how different Fe d-orbitals con-
tributed to the ferromagnetism in Fe,, GeTe,. Symmetry analysis includes magnetic
space group symmetry-related topological features in the band structure, which
give rise to the Berry curvature effect in the presence of spin-orbit coupling, respon-
sible for large anomalous Hall conductivity and anomalous Nernst conductivity.

This study will help us comprehend these materials better.



Chapter 7

Emergence of anomalous
transverse conductivity in
ferromagnetic topological double
perovskite BasCoWOg due to
intrinsic spin-orbit coupling
within the multi- orbital Hubbard

model and ab initio method

7.1 Introduction

Topological states are of significant interest in condensed matter physics and
materials science due to their exotic behavior and potential applications [178-
181, 345, 346] These states are protected by symmetries present in the system and
based on the symmetry, the system can be topological Insulators (T1s)[347-350],
Weyl points[178], Dirac points[182], Topological Superconductors (TSs)[351-354],

124
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and topological nodal lines (NL) semi-metal [355-357] and half metal [358-360]
etc. The NL in the electronic band originates from band crossings along the high
symmetry points that govern electron transport and can manifest in both quasi-2D
and 3D systems. In the presence of the internal magnetic order and spin orbit cou-
pling (SOC), the degeneracy gets lifted and produces the no-zero Berry curvature
which induces the anomalous Hall effect (AHE).

Transition metal based double perovskite (DP) oxides, represented by Ay, BB'Og
(A = Ba,Sr,..;B =Co,Fe,.;B =W, Re,..) [361, 362], have extremely tunable
electronic structure due to possible variation of A, B or B’ and this tunability
manifest into the diverse type of transport[363, 363-365], magnetic [366-368],
and optical properties [364, 369-371]. These systems exhibit numerous crystal
symmetries that could play a role in preserving topological degeneracies, which
may manifest as points or lines referred to as NL. There are a few theoretical
studies on the topological aspect of DP that shows NL and Weyl points [372,
373]. Evidence of topological features in the transition metal DP remained scantly
studied in some of the systems like SroFeMoOg (SFMO) show a nodal line much

above the Fermi-energy Er [374].

The SFMO systems have been extensively studied and the oxidation state of Fe
is 3+ and has five electrons in d-orbitals. Therefore, in large U limit (along
with high Hund’s coupling) the orbital degrees of freedom are frozen [375, 376].
Thereby a double-exchange (DE) mechanism becomes applicable to account for the
ferrimagnetism of SFMO. Besides the semi-classical DE mechanism, multi-orbital
Hubbard models have been employed to describe ferromagnetism in DP materials
like SroFeReOg, but they are often limited to Hartree-Fock decoupling meth-
ods [377], and transport calculations demonstrating half-metallicity are scarce.
Also, another common thread for these ferromagnetic DP materials is the pres-
ence of itinerant charge carriers at the B’(Mo, Re) atom, which mediates the long
range order and stabilizes a high T (= 400 K). On the contrary, for BayCoW Og
(BCWO) system, where Co has seven electrons in the d-orbital, the orbital, charge,
and spin all three degrees of freedom are active. Furthermore, the influence of the

W atom in BCWO differs from all other DP members discussed above as W does
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not have any charge density, but a low T FM order indicates charge mobility. For
instance in SroFelWOg, the antibonding W(5d) states are at higher energy due
to hybridization with oxygen p orbitals, leaving W in a 5d° configuration [378].
These observations underscore the need for investigating the BCWO system using

the full many-body model Hamiltonian in conjunction with ab initio methods.

In this chapter!, we execute ab initio calculations to investigate the effect of the
electronic band topology and its effect on the transport properties in the BCWO
material. This material also shows the interesting magnetic properties which arises
due to the quantum many body effect amongst the electrons. The BCWO is a
face-centered cubic crystal structure and each of the metal centers are surrounded
by the six oxygen forming an octahedral structure as shown in Fig. 7.1a. The
octahedral symmetry leads to the lifting of d-orbital degeneracy and splitting it
into ty, and e, orbitals. The d-orbital splitting gap strength and Hund’s coupling
exchange determines the spin state of Co and also exhibits the correlated nature

of the electrons.

The space group of the crystal is Fm3m (space group no. 225), which possesses O3
octahedral symmetry and a lattice parameter of a = 8.210 A[379]. The structure
exhibits three mirror planes, illustrated in Fig.7.1(b) resulting in three nodal lines
near the Fermi energy (Er). However, in the presence of the magnetic ordering in a
certain direction and spin orbit coupling (SOC) strength, mirror plane symmetries
[380] along that direction can be disrupted which lifts the degeneracy along the
disrupted symmetry lines. Additionally, we demonstrate that the finite Berry
curvature along this gapped line leads to the emergence of the AHE. The competing
Hund’s and crystal field splitting plays an important role in making this system
semi-metal. We use density functional theory to calculate the electronic band
structure and use wannierization to find transport properties (see method section

in supplemental section[381]). The correlated nature of the system is addressed

! This chapter is based on ”Emergence of anomalous transverse conductivity in ferromagnetic
topological double perovskite BasCoWOg due to intrinsic spin-orbit coupling within the multi-
orbital Hubbard model and ab initio methods” - J. Sau, S. Chakraborty, S. Saha, K. Pradhan,
A. Mukherjee and M. Kumar
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FIGURE 7.1: (a) The BayBB'Og (B = Co,Fe; B' = W) crystal structure

where green, blue, gray, and red balls represent Ba, B, B’ and O respectively

and we have shown the magnetisation (M) direction along [001] by blue arrow.

(b) This structure features three distinct mirror planes (M, My, M.) .(c) spin-

polarized PDOS of Co-d, O-P and W-d orbitals where minority spin channel

of Co (tag) orbitals are itinerant. (d) Schematic Diagram of Magnetic Ground
sate Of BasCoW Og

using both exact diagonalization (ED) and the mean field Monte Carlo (MFMC)
method.

7.2 Model

Initially, we analyze the spin-polarized partial density of states (PDOS) to com-
prehend the involvement of atomic orbitals in BCWO near the Fermi energy (Er).
It is observed that spin-down electrons from the d-orbitals of the Co atoms make
a significant contribution, while those from W also contribute to a lesser extent,
as depicted in Fig.7.1 (c¢). The spin-up channel of the PDOS shows a large band
gap of 2.5 eV and it can be shown to be a half-metallic system with large DOS
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at Er. The Bader charge analysis indicates that transition atoms are Co2™ (3d7)
in the high spin state and W6 (5d°) with valence spin-magnetic moments of S
=3/2 and S = 0, respectively. Consequently, the theoretical total spin magnetic
moment is 3.0 ug/fu. for the ferrimagnetic [Co(3d)t — W(5d)J] ground state
of BayCoWOQyg4. The crystal field of oxygen octahedral symmetry splits the five
d-orbitals of Co into three 1y, at site energy Ay, =0 eV and two e, orbitals with
site energy A.,=1.2 eV. The d orbitals of W also split into #3, and e, orbitals
due to identical crystal field splitting. The ty, orbitals of W are positioned at
Aw=8.0 eV, whereas the e, levels of W are significantly higher and do not allow
for hopping. The wannierization calculations suggest that there are only hopping

from the t9, orbitals Co to W and the diagonal hopping matrix is most dominant.

7.3 Hopping Matrix

0.4 0.08 0.08
The hopping matrix which we took in our calculation is given by: t= | 0.08 0.4 0.08

0.08 0.08 0.4

It is taken in the basis of {dl,, df_, d! }.Since our Wanieriztion calculation suggest
that e, orbitals are not taking part in the hopping process. So, we are ignoring

that hopping.

The multi-band Hubbard model can be written for this system as

HZZHZ'-{—ZHZ‘]'—FZH;OC (7~1)

<ij>

Here H; represents multi-orbital Hamiltonian without hopping for site i, H,; rep-

resents the hopping term between the nearest neighbour Co and W atoms and the
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Hgsoc represents the spin-orbit coupling(SOC) term. The H; can be written as

Jim
H; = g (A oo + Uinitanipa) + g (U] — 5 JNiaMis
« a<f

—2(]1‘7[{ Z Sm.Siﬁ + JZI,H Z(CITaCLaciiﬁciTﬁ + H.C.), (72)

a<f a<f

where A, , is site energy of i site and « orbitals and Uj , is Hubbard interaction

of site ¢ and a-orbital. (U — JiQ’H ) is coulomb interaction between the electrons on
different orbitals of the same site 7. J; y and Jj ;; denote the strengths of Hund’s
coupling and pair hopping, respectively, between different orbitals at the i*" site.
Due to symmetry, these terms have equal values. Hence, in our ED calculation,
we set JAH:JZ”H. For Co sites Uj; is taken to be 2.5 eV and J; gy = 0.25U; and to

maintain rotational invariance of orbitals U is set as U; — 2.J; . For the W atom,

an infinitesimal U; value is considered. The hopping term H;; can be written as

Hij ==Y tap(cloCios + He), (7.3)

o,af
where t,4 is the hopping strength between the orbital a of ¢-th Co site and orbital
B of j-th W site. ¢l and ¢, are the creation operator of o spin, at a orbital of
i'" Co and annihilation operator at 3-orbital of j* W. The hopping interaction is
restricted to the three t5, orbitals of Co and W as DFT calculations [see Fig.7.2(a)]

exhibit that only the ty, electrons are extended. The spin-orbit coupling term is

given by,

HZ-SOC = )\LZSl = Z )\a,ﬁcz'raciﬁa (74)
o,

where ) is a 6x6 matrix, whose matrix elements are written as A\, g.

We use the MCMF method [382, 383] to solve this model Hamiltonian at finite
temperature T and extract the DOS from the model system at very low tem-
perature 7" = 40 K. The DOS calculated from DFT and the MCMF method are
compared in Fig.7.2(a) and (b) for only d-orbitals of Co. In fact, both calculations

suggest the semi-metallic behaviour and large band gap in the majority (spin up)
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FIGURE 7.2: (a) DFT results for the partial DOS of Co d states of BCWO with
Hubbard U, where minority spin carriers participate in conduction and majority
spin carriers are entirely gapped. (b) Same as (a) obtained from the 5-orbital
Hubbard model study. The contribution of the two e, and three ¢34 states are
depicted separately. The inset shows the full DOS incorporating both Co and
W energy states. (c¢) The system averaged expectation value of the z-component
of total spin operator for Co ty, and e4 states and for W. (d) Ferromagnetic
structure factor S(0) vs. temperature for the full system. The average charge
density at Co decreases steeply at T [see inset], where the charge density at W
increases.

channel and only spin down channel is conducting. Two e, electrons of Co are
completely localized and ferromagnetically aligned due to Hund’s coupling as the
hoping of electrons are only between the 5, orbitals of Co and W. In Fig.7.2(c)
averaged total S, value for each ¢y, and e, are 0.16 and 0.38 at 7" = 40 K. The
average value of S, = 0.16 at each t,, validates a total average S, ~ 1/2 at ty,
of Co and both < S# > of decrease with increasing 7" as shown Fig.7.2(c). There
is a tiny antiferromagnetically aligned magnetic moment at the W due to frac-

tional down spin charge transfer from Co to W to minimize the Hubbard U cost
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at to, orbitals and avoiding large site energy Ay, cost at W. Therefore, the spin-
down transport channel in this charge transfer system induces a tiny negative S*
value at W sites, which is essential to stabilize the long range order ferromagnetic
ordering in the Co. The inset of Fig.7.2(d) shows the double occupancy of t,
increases whereas the density of W decreases with T" which results in decreasing
the magnetic moment of the system with 7. With the knowledge about the spin
configurations at each Co and W sites, we calculate the ferromagnetic structure

factor S(0) for the whole system, which shows a T¢ = 80K [see Fig.7.2(d)].

In order to understand the ground state (gs) properties of the model Hamiltonian
in Eq.7.1, first we consider the single site Hamiltonian H¢, of Co in Eq.7.2 with
all five d-orbitals and seven electrons and perform the exact diagonalization (ED)
calculations keeping all parameters same as given above. The gs of H¢, is twelve-
fold degenerate and effective spin, Scss is 3/2. The twelve-fold degeneracies can
come from four-fold spin degeneracy and each of these have three-fold orbital de-
generacies. The orbital degeneracy comes because of three possible arrangements
of singly occupied electrons in ty, orbitals shown in section II of Supplemental
Material[381]. The lowest excited state is a charge transfer state where a down
electron goes from doubly occupied ¢y, orbitals to e, orbitals. The lowest exci-
tation energy is equal to the difference between t5, and e, levels. We also notice
that if we consider four orbitals i.e. three orbitals of ¢54 and one e, the low energy

physics remains the same except the effective spin changes to one.

We now try to understand the effect of the hopping term in the Hamiltonian H in
Eq.7.1 without SOC and we consider a system of four atoms, two Co and two W,
arranged in one dimension shown in Fig.7.4. Each Co has four d-orbitals, three
oy and one e4 orbitals with six electrons and each W atom has three ¢y, orbitals
without any electron. Therefore, The total number of orbitals and electrons are
fourteen and twelve respectively. The gs of the system is S=2 and it is five-fold
degenerate. In Fig.7.4 charge density < ny,, > and < Sf2g > of ty, orbitals of Co
atoms are 1.543 and 0.19, whereas for Co ¢,4, < n., > and < Sjg > are 1 and 0.5
respectively. The charge and spin density at to, of W are 0.124 and a negative

value of 0.022 respectively. The spin densities at Co sites in ED calculations are
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FI1GURE 7.3: The schematic of the GS wavefunction and the corresponding spin
density and charge density for Co t34, Co e, and W 3, for four sites calculated
using ED with the same parameters as taken above.

relatively higher than that obtained from the MCMF method, and this may be

because of thermal fluctuations and charge density fluctuations in larger systems

used in the MCMF method.

The many body effect in ED calculation shows that the gs is a linear combina-
tion of many dominant configurations as shown in Fig.7.4. The most dominant
configurations have two doubly and one singly occupied t,4-orbitals and singly oc-
cupied eg-orbital of Co, whereas there are no electrons in W, because of large Ay,
and large Hund’s coupling the singly occupied orbitals preferred to align all the
spins in the same direction. There are 3N, possible configurations due to orbital
degeneracy of ¢y, where N¢, is a number of Co sites. Another most probable con-

figuration has all three ¢y, orbitals doubly occupied and one spin up electron in e,
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FIGURE 7.4: The schematic of the GS wavefunction and the corresponding spin
density and charge density for Co t24, Co e, and W ta, for four sites calculated
using ED with the same parameters as taken above.

orbitals of Co, whereas, the neighboring Co site has only one ¢y, orbital which is
doubly occupied and the remaining orbitals have one up spin electron. This con-
figuration also carries significant weight in the gs wave function, and the number
of configurations goes as 3N¢,. This configuration shows the finite probability for
the existence of the Co'™ and Co3" and there is a finite probability of an alternate
site having the S=1 and 2. Another configuration with third highest probability
is where one down spin from a doubly occupied tq, state of Co is transferred to
neighbouring W atom and this type of configuration has 24 possibilities. We also
note that the direct hopping of electrons from Co to Co leads to antiferromagnetic
ordering in the system. Our next objective is to comprehend the impact of SOC
on the transport and magnetism in our system, for which we will employ model

Hamiltonian and ab initio methods.

7.4 Band Topology

The band dispersion of the spin-polarized band structure of BCWO is calculated
using a plane wave-based pseudopotential and the energy dispersion is shown in the
absence of the SOC in Fig.7.5(a). The blue and magenta colored bands represent

majority and minority spin bands. A linear band crossing point is observed along
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FIGURE 7.5: (a) The band structure of BagBWOg without SOC. where the
nodal point is indicated by the black circle. (b) The band structure of BCWO
with SOC. The gapped nodal lines are shown by a green circle. (c) The energy
gap between two intersecting bands in the vicinity of Er on the K,-k. plane,
where the black line denotes the nodal line in the absence of SOC. (d) The
Berry curvature along the high-symmetry lines due to the nontrivial crossings.

the T-K direction, just below the Ep, (The zoom version of the crossing point
is shown in Fig.7.6 and this crossing band hybridization between the Co-d,, and
Co-d,, orbitals, gives rise to a nodal line-like dispersion. A detailed analysis of the
nodal line is provided later. These crossing points are the consequence of the mirror
symmetries in the system. We have considered the magnetization axis along the
z-direction, therefore, the mirror symmetries perpendicular to the magnetization
axis are preserved while the other mirror symmetries parallel to the magnetization

axis are broken.

In the presence of the SOC, the spin-orbital mixing leads to the opening of the gap
at these degenerate points as shown in Fig.7.5(b) along the high-symmetry point
[-K. We calculated the Z component of Berry curvature along the same high-
symmetry path and noticed that there is a sharp peak of BC along the I'-K and
I'-L directions and negligible BC in the other directions as shown in Fig.7.5(d). A
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gapped nodal line with band inversion, as depicted in Fig.7.6(b), indicates the non-
trivial topological nature of the electronic energy band. The non-trivial topology
of the electronic bands gives rise to non-zero Berry curvature distribution around

the Fr and significantly impacts the conduction electrons for our system.
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FIGURE 7.6: (a) The zoomed version of the nodal crossing point without SOC

(b) The zoomed version of the nodal crossing point in the presence of SOC

which shows the band inversion (c)The nodal line is gapped out in the presence

of SOC in the K-k, plane, and the gap is represented by a white line. (d) The

Berry curvature distribution is displayed in the Ky-k. plane along the gapped
nodal line.

The mirror symmetries of crystal are responsible for the formation of nodal lines in
the Brillouin zone (BZ) of the nodal line. These relevant symmetries are the three
mirror planes shown in Fig.7.1(b), M, (k,=0), M,(k,=0), M,(k,=0) and three
C, rotation axes, k,, k, and k,[384]. With the magnetization along the (001)
direction and in the presence of spin-orbit coupling, only the M, (k,=0) mirror
symmetry and the C4, rotational symmetry are preserved. Hence, we expect only
a nodal line on the k, = 0 plane to survive. On the other hand, the other two
nodal lines on the k, = 0 and k, = 0 planes are gapped out due to the breaking
of the respective mirror symmetries. We estimated the energy gap between the
lowest conduction and topmost valence bands, which is illustrated in Fig.7.5(c)

in the k,=0 plane where the green line represents a gapless region. The nodal
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line is significantly gapped out as shown as a white region in Fig.7.6(c). There is
a noticeable significant berry curvature in the k,=0 and k,=0 planes because of
the small gaps in the neighborhood of the nodal line. The distribution of Berry
curvature in the k,=0 plane is depicted in Fig.7.6(d).

So far we have expounded half-metallicity and emergence of Berry curvature with
finite SOC using DOS and band structure calculations. These transport proper-
ties can be further examined using Kubo formalism, which is a more robust tool
as this consists two body current-current correlations. We compute resistivity (p)
separately for majority and minority spin channels by evaluating the dc limit of
optical (longitudinal) conductivity using thermalized eigenvalues and eigenvectors
of the model Hamiltonian in Eq.7.1. In Fig.7.7(a), in the absence of SOC \ = 0,
resistivity further confirms half-metallicity as p steeply increases for T" < Ty in
the majority (1) spin channel, while a sudden drop signifies the onset of metal-
licity in the minority (|) spin channel. In this phase, spins mainly align along
the z-direction, breaking rotational symmetry, resulting in negligible transverse
conductivity (o,) at finite T. For finite SOC A # 0, the degeneracy of the to,
levels lifts, causing spin canting and picking up finite x,y components, leading to
an increase in o, for T' < T¢ [see Fig.7.7(b)]. Fig.7.7(c) represents a Monte Carlo
snapshot of spin configuration and illustrates spin canting with finite A which is

comparable to the previously reported value[385].

In general, half-metallicity results in a notable level of spin polarization, which
effectively amplifies the AHE by directing the applied electric current primarily
through the metallic spin channel. Consequently, this generates a transverse volt-
age due to the AHE, resulting in a heightened anomalous Hall conductivity (AHC)
in comparison to non-half-metallic ferromagnets possessing similar magnetic char-
acteristics. Numerous theoretical studies have delved into the influence of spin
polarization on bolstering the AHC in half-metallic ferromagnets[386-388]. The in-
trinsic AHC can be evaluated in the linear response theory of Kubo formalism[170].
The 4991 symmetry operation is contained in the underlying space group with the
magnetization along [001] direction. Upon summing the Berry curvature across

the entire Brillouin zone, the relation Q, = Q, = 0 is applied to proceed [236]. In
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FIGURE 7.7: (a) Resistivity shows insulating and metallic transport for majority
and minority spin channels for 7' < T¢. (b) Transverse conductivity increases
with increasing SOC () at low temperature. (c) Monte Carlo snapshot of the
thermalized spin texture at T/t =0.012 for A/t = 0 & 0.4t (d) Energy (E-Er )

dependence of the AHC For BCWO

order to determine the AHC, we integrated the Berry curvature of all the occupied
across the entire first BZ. As a result, after the symmetry operation, the AHC’s
z-component, o', is unconstrained, while o2 and 0;4 likewise disappear. Fig.7.7(d)
depicts the fluctuation of AHC with Fermi energy. At the Ep, we calculate the
intrinsic AHC (02), which is about 100 S/cm.

7.5 Summary

In conclusion, we theoretically study the electronic, magnetic, and anomalous
transport properties of double perovskite oxides BCWO using the ab initio DFT,
the ED, and the MFMC method. We notice that metals are in Co?* or 3d”
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and WOt 5dY state and the octahedral symmetry in the system leads to crystal
field splitting (CFS) of d-orbitals of Co. Ab initio calculations indicate that only
the d-orbitals of Co and W are pertinent, and it is the overlap of t?9 orbitals
from both atoms that governs transport in the system. We take the full multi-
band Hubbard model and show that the interplay of Hund’s coupling, Hubbard
U, and CFS gap lead to effective spin S=3/2 for Co atom and have three-fold
orbital degeneracies in the limit of the MFMC approximation. The presence of
unoccupied d-orbitals of W plays a crucial role in ferromagnetic ordering in the
system. We also notice the many body gs of this system is complex and lead to
various types of dominant configurations such as 7 electrons with S=3/2 spin at
Co d-orbital, valance disproportions (6 and electron on neighbouring Co orbitals,
and charge transfer of down spin electron to d-orbital of W. We conclude that to
achieve the true many-body gs we need to go beyond the Double exchange models.
We also note that three symmetry-protected NLs in the first BZ are due to mirror
reflection symmetries in the system. The presence of SOC and internal magnetic
ordering along the z-direction lead to timer reversal symmetry which introduces
finite Berry curvature which leads to interesting AHC. We also investigate the
finite temperature effect on the magnetic and transport properties and show our
model qualitatively captures the experimentally obtained low T value of this
material and the onset of half-metallicity at T. Lastly, the real-space transverse
conductivity finds one to one correspondence with spin canting which provides a
mapping with the AHC in momentum space. These new theoretical results help
to understand the many body effect and anomalous transport properties of this

material.
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